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Abstract

(Classical mechanics allows for the possibility of ‘incomplete motion’; i.e., the motion of a
particle on a geodesically incomplete configuration space () is only defined for each time ¢
in some bounded interval. On the other hand, the quantum-mechanical state of a particle
is defined for each time ¢t € R; thus the quantum-mechanical motion of that particle is
complete. In this thesis, we examine different ways in which the quantum-mechanical
motion can be defined by analysing the self-adjoint extensions of the Hamiltonian on
some configuration space @, our primary example being ) = I, where I is some bounded
open interval. Furthermore, we investigate the time evolution of particle-like states both
analytically and numerically. In an attempt to explain our observations, we introduce a
generalisation of the double of a manifold with boundary, and discuss when and how it
can be used to define classically complete motion on the configuration space Q).
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Introduction

The main topic of this thesis is complete motion in both classical and quantum mechanics.
The notion of completeness of a motion is probably best explained from the viewpoint of
classical mechanics. Suppose that we are given a particle with mass m > 0 on some open
subset 2 C R"™, which we call the configuration space of the system. Classically, the state
of a system at a time t € R is given by an element of the phase space of the system; in
the case of a single particle, the phase space is the cotangent bundle T%#€). Since € is an
open subset of R, we can identify 7€) with R™ x €2, i.e., the cotangent bundle is trivial.
The state of the particle at time ¢ is now given by an element

(P1(t), - on(t), 1(D), -, (1)) = (p(2), q(1)) € R* x Q= T74,

where p(t) and ¢(t) represent the momentum and the position of the particle, respectively.
Classical mechanics asserts that the system obeys Hamilton’s equations of motion:

dp; _ _O0H  dg; _OH
dt — 9dq;’ dt  Op,

Here, H is the classical Hamiltonian of the system, which is the function R” x @ — R
given by

p2

1 &
() = 5~ +V(g) =5~ ;pj +V(a),
where V': 0 — R is a function called the potential. In order for Hamilton’s equations
to make sense, we must demand that V is differentiable. Given a potential and a set of
initial conditions (p(0),¢(0)) = (po,q) € R™ x €2, one can attempt to solve Hamilton’s
equations. If there exists a global solution t — (p(t), q(t)) to this system of differential
equations, i.e. if (p(t),q(t)) is defined for each ¢ € R, then we say that the motion of the
particle is complete. Otherwise, if only local solutions exist, then the motion is said to
be incomplete.

It is very easy to find examples of both types of motions. If n =1, @ = R, and V
vanishes everywhere, then any initial condition (p(0),¢(0)) = (po, go) will yield complete
motion; this is the motion of a free particle on a line that is at ¢y when ¢ = 0, and that
moves with constant velocity po/m along the line. If however €2 is a proper open subset of
R, for example, if €2 is the open interval {z € R: —1 <z < 1}, and (p(0), ¢(0)) = (po, qo)
with pg > 0 and ¢y = 0, then the motion is incomplete; it is only defined for ¢ € R with
—po/m <t <po/m.

One can also obtain incomplete motion by choosing an appropriate potential. For
example, setting V(z) := —2* — 222, one can check that for a particle with mass 1, a
solution to Hamilton’s equations with initial conditions (p(0),¢(0)) = (2,0) is given by
(p(t),q(t)) = (2(tan?(t) + 1), 2 tan(t)). Thus the particle flies off to infinity in finite time.
For a sufficient condition on the potential for the motion of a particle to be incomplete,
we refer to [I5, Theorem X.5].

In the realm of quantum mechanics, the situation appears to be quite different. First,
let us recall that in this theory, the state of a particle is described by its wave function
U(z,t), where x assumes values in 2 and ¢ represents time. For a fixed time ¢, we require
that W(-,t) € L*(Q), and that [|U(-,¢)|[z2@) = 1, so that |¥(-,¢)|* is the probability
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density function of some probability distribution, and the integral over some measurable
subset A C Q of |¥(-,¢)|? is the probability that the particle may be found on A upon
measurement, of the position of the particle at time ¢t. The time evolution of the wave
function of the particle is governed by Schrodinger’s equation:

ov h?

e = AUV,
7 T e +V

where A = Z 822 is the Laplacian, V' is again the potential, and A is a constant of
J

nature, called the reduced Planck constant or the Dirac constant, with value h ~ 1.055 -
1073* Js. In order for this equation to have mathematical meaning, one must impose
additional conditions on ¥ besides the requirement that ¥ be square integrable on €2 for
fixed t. For example, AV is not defined for each ¥ € L*(2). For the moment, though,
we shall ignore these issues. The operator —%A + V' is called the Hamiltonian, and is
also denoted by H, so that Schrédinger’s equation is often written more compactly as

Lo

Schrodinger’s equation, like Hamilton’s equations, has to be supplemented with initial
condition W(-,0) = ¢ € L*(Q), with ||| 2@ = 1.

One may solve this equation in abstracto using functional analytic methods. Here,
we freely use some of the terminology from sections 1.4 and 1.5. First, one defines the
operator H as a linear map on the space of smooth, compactly supported functions C§°(£2)
on 2. This operator can subsequently be extended to a linear map Hona larger subspace
D(H) of L*(Q), in such a way that H is self-adjoint. The converse of Stone’s theorem
(Theorem now says that there exists a family of unitary operators on L*(2), called
a unitary evolution group (U(t))ier, with infinitesimal generator H. Now, if ¢ € D(H),
then it can be shown that W(-,¢) = U(t)v is the unique solution to Schrodinger’s equation,
and that U(t)y € D(H) for cach t € R.

There are three important things to notice here. First of all, the element ¥(-,t) €
L2(9) is defined for each ¢ € R. Secondly, U(-,#) is contained in D(H) for each ¢ € R,
which means that equation makes sense if we replace H with H , and that W(-,¢)
is a solution of this differential equation, where the time derivative is taken with respect
to the norm on L?(2). Thirdly, U(¢) is a unitary operator for each ¢ € R. Since 1) was
assumed to be normalised, it follows that W(-, t) is normalised for each ¢ € R, a property of
the wave function that is often referred to by physicists as ‘conservation of probability’.
We conclude that W(-,t) = U(t)y is a global solution of Schriodinger’s equation, and
therefore, that the quantum-mechanical motion can always be made complete, provided
that there exists a self-adjoint extension H of H with (NS D(H ).

This poses two problems. The first, most obvious one is the discrepancy between
classical and quantum mechanics when it comes to the completeness of motion. Classical
mechanics can to some extent be regarded as a limit case of quantum mechanics, by taking
the limit 4 — 0 in some sense, see for example [12]. This begs the following question:
does incompleteness of the motion of a particle arise upon taking the limit A — 0, or is
something else going on here?

The second problem is more subtle. Recall that according to our method of solving
Schrodinger’s equation, we have to pick a self-adjoint extension H of H such that ¢ €



D(H). It can (and in this thesis, will) be shown that H always has at least one self-
adjoint extension. However, it depends on the domain €2 and the potential V' whether this
extension is unique. It is known that H has a unique self-adjoint extension if {2 = R" and
V' vanishes everywhere, and more generally, for free particles on complete Riemannian
manifolds (cf. [§] and [I6]). On the other hand, if €2 is a bounded open interval and
V' vanishes everywhere, then we shall see later on that H has a family of self-adjoint
extensions parametrised by the unitary group U(2). Though we shall see some examples
of systems with Hamiltonians with a nonvanishing potential, we will mainly be concerned
with the motion of the free particle on a bounded domain.

Now, Stone’s theorem and its converse (Theorems [1.5.4] and |1.5.3] respectively) say
that for each of these self-adjoint extensions, there is a unique unitary evolution group that
has that self-adjoint extension as its infinitesimal generator. Thus different self-adjoint
extensions correspond to potentially different time evolutions of the initial state, and
hence to possibly different physical behaviour. This leads to the following philosophical
issue: if domains like the open interval, on which H has multiple self-adjoint extensions,
represent real physical systems, then which of the unitary evolution groups corresponding
to the self-adjoint extension describes the system, and why does that specific unitary
evolution group do so?

This thesis addresses both the problem of completeness of the motion, and that of
non-uniqueness of the physics of the system.

The main body of the text is split into two parts: in the first part, consisting of sec-
tions 1,2 and 3, we investigate the self-adjoint extensions of the Hamiltonian and their
corresponding unitary evolution groups.

e In section 1, we develop some of the analytical tools needed to formulate and ap-
proach the problem.

e In section 2, we discuss a general way of recognising and parametrising self-adjoint
extensions of operators on Hilbert spaces, and employ this framework to classify
the self-adjoint extensions of some interesting Hamiltonians.

e In section 3, we examine particle-like wave functions and their behaviour in the
limit & — 0, employing both analytical and numerical methods. The main result
is established in section 3.4, where the numerical simulations are discussed; it is
observed that classical incomplete motion is most likely not a limit of quantum-
mechanical complete motion.

In the second part of this thesis, consisting of sections 4 and 5, we outline a general
procedure for constructing an alternative phase space of the system in an attempt to
explain our observations at the end of section 3, and to solve both problems for free
particles at a conceptual level.

e In section 4, we collect some of the results from differential geometry that are
necessary to formulate the idea.

e In section 5, we shall perform the construction and discuss its merits and limita-
tions. This is the most important section, since we introduce two new ideas here:
first, we generalise the notion of the double of a manifold, and second, we argue
why this generalisation is useful in understanding the physical behaviour associated
to certain self-adjoint extensions of the Hamiltonian of the free particle.



Concerning the prerequisites, we assume that the reader is familiar with analysis and
differential geometry at the level of a beginning master student of mathematics. More
specifically, we assume that the reader has seen functional analysis at an introductory
level, and as such, is familiar with the basic theory of Hilbert spaces and the most impor-
tant example of these spaces, namely L?-spaces. Furthermore, we assume that the reader
has encountered differentiable manifolds and the flow of a vector field on these objects,
and is comfortable with basic machinery such as the inverse function theorem.

Let us make some remarks on our notation and conventions:

e N denotes the set of positive integers, while Ny denotes the set of nonnegative
integers.

e If X is a subset of a topological space, then X° denotes the interior of X.

e N(T) and R(T) denote the kernel and range of a linear map T, respectively.

e (H,(-,-)) will always be a Hilbert space. The symbol & will denote the orthogonal
sum of subspaces.

e Sesquilinear forms such as the inner product on H are linear in their second argu-
ment.

e In order to avoid a mix-up of ordered pairs with open intervals, we shall use the
symbols | and [, instead of ( and ), respectively, as delimiters of our intervals. For
example, |0,1[={zr € R: 0 <z <1}, and [0,1[={z € R: 0 <z < 1}.

e If M is a matrix with complex-valued entries, then M* denotes the hermitian con-
jugate of M.

o If a = (a1,09,...,0,) € Nj, then |a| := "7 | a; is called the length of a. Fur-
thermore, if f is a function on some open subset of R" whose input is denoted by
x, then z¢f is short-hand notation for the function

r=(x1,2Ta,...,x,) — T x? .. a0 f(x).

Similarly, 0% f is shorthand notation for the derivative

o o g

A e Aa
0z O0z5 Oz

f.

Finally, we define D*f := (—4)?lg®f. In particular, if f is a function on some
interval, then Df := —if’, and more generally, for each m € N, D™ f := (—i)™ f(™).

e We shall sometimes refer to elements of some L?-space as functions, even though
this term is technically incorrect.

Finally, it is worth noting that throughout the rest of the text, the configuration space
of the particle will be assumed to be the closure Q of € rather than € itself. Since the
boundary of  typically has measure zero, we have L*(Q) = L?(Q2), so this assumption
changes little about the quantum mechanical description of the problem. It does however
have important implications for the classical mechanics of the system, as the nature of
the boundary of €2 will play an essential role in section 5.
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1 Preliminaries from analysis

In this section we introduce some notions from various branches of analysis, such as
distribution theory, Fourier analysis, and the theory of unbounded operators. These will
play a major role in the next two sections.

1.1 Distribution theory

Here, we shall discuss the most basic ideas from the theory of distributions. The main
purpose of this subsection is to generalise the notion of differentiation. All of the results
in this section for which we do not explicitly give a reference can be found in chapters 2
and 3 of [10].

1.1.1 Definition. Let n € N, let {2 C R"™ be a subset, and let f: 2 — C be a function.

e The support of f, denoted by supp(f), is the closure of f~*(C\{0}) with respect to
the topology on R".

e The function f is said to be compactly supported iff supp(f) is compact.

Now assume that €2 is a measurable subset of R", and that f is a measurable function.

e Let X be an open subset of Q. Then we say that f is zero on X iff {z € X: f(x) #
0} is a set of measure zero.

e () is a subset of R", so endowed with its subspace topology, it is a second countable
topological space. It follows that the union X, of open sets on which f is zero,
can be written as a countable union of open sets on which f is zero, which implies
that Xay is the largest open subset of Q on which f is zero. The set Q\ X ax,
denoted by ess supp(f), is called the essential support of f.

e Two functions that are equal almost everywhere on {2 have the same essential
support. Thus we may define the essential support of an element of L{. () as the
essential support of one of its representatives.

1.1.2 Definition. Let n € N, and let 2 C R” be an open subset. The set of compactly
supported, smooth functions f on Q with supp(f) C Q is called the space of test functions
on € and is denoted by C§°(2). It is a vector space under pointwise addition and scalar
multiplication of functions.

The space of test functions on €2 can be endowed with a topology that turns this space
into a topological vector space. In order to define this topology, we require the following
lemma:

1.1.3 Lemma. Let Q) C R" be an open subset.

(1) There exists a sequence (Kj)jﬁl of compact subsets of {1 such that for each j > 1,
we have K; C K2, and | JZ, K; = Q.

(2) For each j > 1 and each k > 1, define the map py j: C*(2) — [0, 00] by
peg(f) == sup{|0°f(z): |a] <k, x € Kj}.

Then py ; is a seminorm on C* (), and the family (pi;)j>1%>0 Separates the points
of C*(Q), endowing this space with a locally convex vector space topology.

11



Assume we are given €2, (K;)22,, and (pg;)j>14>0 as in the above lemma. For each
J =1, let CF(Q) = {f € C=(): supp(f) C K}, and let ¢;: CF (2) — C5°(2) be
the inclusion map. Endow CF (€2) with the subspace topology 7; inherited from C*°(Q2).
As to the topology on C§°(Q2), we take the strongest topology 7 with the property that
Lo (CF,)(Q2) = (C5°(), 7) is continuous for each j > 1 and such that (Cg°(€2),7) is
a locally convex topological vector space.

1.1.4 Definition. Let Z'(2) be the dual space of (C§°(2), 7), endowed with the weak*-
topology. Then 2'(Q) is called the space of distributions on €.

1.1.5 Proposition. Let Q C R"™ be an open subset, let (Kj)?; be a sequence of compact
subsets of {1 such that for each j > 1 we have K; C K, and U;’il K; = Q, and let
(Pr.j)j>1k>0 be the corresponding family of seminorms. Then:

(1) A sequence ()52, in C5°(Q2) converges to an element p € C§°(Q2) if and only if there
exists j € N such that supp(y;) C K, for each | > 1, and limy_,o py (1 — ¢) = 0
for each k > 0.

(2) A linear functional A: C3°(2) — C is a distribution on § if and only if for each
Jj > 1, there exist N; € Ny and ¢; > 0 such that for each ¢ € Cj‘{oj(ﬂ), we have

[A(p)| < ¢jsup{|0%p(2)]: 2 € K, |af < Nj}.

1.1.6 Example. Let 2 C R" be an open subset.

(1) Let f € LL.(Q), that is, f is integrable on every compact subset of 2. Then the

map Ay: C°(Q) — C, given by ¢ — [, f(x)¢(z) dz, is a distribution on Q. A
distribution is said to be regular iff it is of this form.

(2) Let xy € Q. Then the map d,,: C3°(Q2) — C, given by ¢ — ¢(xp), is a distribution
on 2. We call 9,, the Dirac or the delta distribution at x.

We shall mainly be concerned with regular distributions. The following lemma allows us
to identify L () with the space of regular distributions on Q:

loc

1.1.7 Lemma. Let Q C R" be an open subset, and let f € Li.. (). If A; is the zero
functional, then f = 0.

Finally, we define some maps on the space of distributions:

1.1.8 Definition. Let 2 C R™ be an open subset, and let A be a distribution on 2.

e Let o € NZ. Then the map 9°A: C°(Q) — C, given by ¢ +— (=1)*A(9%p),
is a distribution on 2. A distribution of the form 0*A with a € Nf is called a
distributional derivative of A.

o Let f € C°(Q). Then the map M;A: C5°(Q2) — C, given by ¢ — A(fyp), is a
distribution on €.

The above maps were defined with the intention of generalising the notions of differenti-
ation and multiplication with a function to the space of distributions, as is demonstrated
by the following proposition:

12



1.1.9 Proposition. Let Q C R™ be an open subset, and let f € LL (Q).

loc

(1) Let o € Nj. Then the map 0%: 2'(Q2) — 2'(Q2), given by A — 0“A, is continuous.
Moreover, if g is |a|-times continuously differentiable, then we have 0*As = Agay.

(2) Let g € C>(). Then the map My: 2'(QY) — 2'(Q), given by A — MA, is

continuous. Moreover, we have MyA, = Ag,.

From here on, we shall often identify functions with their associated regular distributions.

1.2 Sobolev spaces

Even though the theory of distributions vastly expands the class of objects that we can
differentiate in a sensible way, it does not guarantee that derivatives of elements of, say,
L} (), are again elements of that same space. For example, the distributional derivative
%H of the Heaviside function H: R — C, given by

s 0 <0,
1 x>0,

is the Dirac delta distribution at 0, which is not an element of L{ (€). This motivates

loc
the following definitions:

1.2.1 Definition. Let Q CR”, and let f € L, ,(Q). If 9, f € LL.(Q) for j =1,2,...,n
then f is said to be weakly differentiable. The derivatives 0., f are called weak derivatives

of f.
1.2.2 Definition. Let 2 C R" be open, and let m € Nj,.
e We define the Sobolev space H™ () of order m on 2, by

H™(Q) :={¢ € L.(Q): 0% € L*(Q) for each o € N such that |a| < m}.
It carries the structure of an inner product space, with inner product
(W, iy = 3 (0™, ) 2oy = > / ()0 $() da
|ae|<m la|<m

In particular, we have H°(Q) = L*(Q).
e The space H{*(?) is by definition the closure of C§°(£2) in (H™(2), (-, ) um(a))-

1.2.3 Proposition. The spaces (H™(S2), (-, ) am)) and (Hg"(2), (-, ) zrm )| mp () x 10 ()
are Hilbert spaces.

Proof. See [10, p. 62]. [ |

We are primarily interested in open, connected subsets of R, i.e., open intervals. Some
of the properties that we shall be using are summed up in the following theorem:

13



1.2.4 Theorem. Let I C R be an open interval (possibly unbounded) and let m € N.

(1) Suppose m > 0. FEach ¢ € H™(I) has a unique representative in C™ (1) that can
be (uniquely) extended to an element of C™Y(I) that we shall also call ¢, slightly
abusing notation. In this sense, ¢ and its derivatives of order < m—1 are bounded,
and there exists a constant C' > 0 such that

m—1 m—1
S N6V < C YN8V 520) = ClldNGimry Jor each ¢ € H™ (D).
=0 =0

(2) We have

HI) ={p € H™(I): ¢V (c) =0 for each c € I and j =0,1,...,m — 1}

(3) If I =]a, oo|, then for each ¢ € H™(I) andj = 0,1,...,m—1, the limit lim,_,, ¢V ()
exists and is equal to 0. Similarly, if I =] — 00, b, then for each ¢ € H™(I) and
7 =0,1,....,m — 1, the limit lim,_,_ ¢(j)(x) exists and is equal to 0. Finally, if
I =R, then for each ¢ € H™(I) and j = 0,1,...,m —1, both limits lim,_,. ¢\ (z)
and lim,_, o, ¢U)(x) exist and are equal to 0.

(4) If € H™(R) satisfies ess supp(¢) C I, then the restriction ¢|; of ¢ to I is an
element of H™(I). Conversely, if ¢ € H™(I), then its extension by zero ¢ to R is
an element of H™(R).

Proof. Parts (1), (2) and (4) can be found in [10], sections 4.2 and 4.3. To prove (3),
suppose that I =]a, oo and fix a constant C' > 0 such that the inequality in part (3) of the
theorem holds. For each k € N, let I :=]a + k, 00|, let 1;, be its characteristic function
and let 7.: I — I be the map given by x +— x 4+ k. Then ¢ — ¢ o 7, defines a unitary
map H™(Iy) — H™(I). Let ¢ € H™(I). Then for each k € N, we have ¢|;, € H™(Iy),
and

m—1 m—1
Z ||¢(j)|lk\|ioo(1k) = Z Hﬁbmm o Tk||%oo(1) <Clpo Tk||§{m(1)
j=0 Jj=0

= Cllelrtmey = Clé - 1rllm ).

Clearly, the functions (1;, )ken converge to 0 pointwise, so by Lebesgue’s theorem, the
right-hand side of the above equation converges to 0 as k — oo. Hence, the left-hand
side also converges to 0 as k — 0o, and consequently, the limit lim,_,, ") (z) exists and
is equal to 0 for j =0,1,...,m — 1.

A similar argument can be used to prove the statement for the case I =] — oo, b|.
To prove the statement for the case I = R, we reduce it to the previous two cases by
remarking that the restriction of any element ¢ € H™(R) to ]0,00[ is an element of
H™(]0, 00[) and that its restriction to ] — oo, 0] is contained in H™(] — oo, 0]). [ |

Sobolev spaces are very useful in the study of partial differential equations. On the
one hand, their Hilbert space structure allows one to prove existence and uniqueness of
certain PDEs using methods from functional analysis, while on the other hand, they can

14



be regarded as subspaces of spaces of functions that are differentiable up to a certain
order (this is also true for Sobolev spaces on domains in dimension > 1).

Before we wrap up our discussion on Sobolev spaces, let us mention the following
result:

1.2.5 Lemma. (Integration by parts) Let ¢, € H'(a,b). Then

(Dimax®, ) = {9, Dmaxt)) = i(¢(0)1(b) — d(a)i(a)).

Proof. See [10, Theorem 4.14]. [ |

1.3 The Fourier transform

Here, we shall discuss two different ways to define the Fourier transform, along with its
most important properties. This subsection summarises section 5.1 in [I0]. For details
and proofs of the statements, we refer to the aforementioned book. We begin with the
easier of the two definitions of the Fourier transform:

1.3.1 Definition. Let f € L*(R™). Then we define the Fourier transform Fi(f): R" —
C of f by

FUN© = [ fa)e

Using Lebesgue’s theorem, it is readily seen that Fi(f) € C(R") for each f € L*(R™).
To define the second notion of a Fourier transform, we require the following space:

1.3.2 Definition. We define the Schwartz space S(R™) on R™ by

S(R™) :={f € C*(R"): sup |2*0° f(x)| < oo for each a, f € Ny}

zeR”
The elements of S(R™) are called rapidly decreasing functions.

As their name already suggests, the elements of S(R") decay rapidly at infinity. As a
result, they have nice integrability properties. Furthermore, note that C§°(R™) C S(R").

1.3.3 Proposition.
(1) We have S(R™) C LP(R™) for p € [1, 00].

(2) The space C§°(R™) is dense in LP(R™) forp € [1,00[. Consequently, S(R™) is dense
in LP(R™) for p € [1,00[ as well.

The Fourier transform behaves especially well on this space:
1.3.4 Lemma.

(1) The Gaussian e™*/2 is an element of S(R™), and Fy(e=*"/?)(&) = (2r)"/2e /2.
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(2) The map Fi|swny: S(R™) = S(R™) is an isomorphism of vector spaces, with inverse
[ (&= 2m) " A()(=E),

(3) For cach € S(R"), we have ||z = (27) 2| Fy(f)l| o).

Since S(R") is dense in L?(R"), the final part of the above lemma and the following
lemma allow us to extend this map to L*(R™).

1.3.5 Lemma. Let (X, | -|x) and (Y,]| - |lv) be two normed spaces, let X, be a dense
subspace of X, and let A: X =Y be a bounded linear operator on Xj.

(1) If (Y, || - |ly)is complete, then A has a unique bounded linear extension A to X, and
Il = [IA]l

(2) Suppose that A is an isometric isomorphism onto its image, and that the image
R(A) is dense in Y. If both (X, - [|x) and (Y,[| - |ly) are complete, then the
extension A is an isometric isomorphism from X onto Y.

Proof.
(1) See [18, Theorem 4.19].

(2) Since A is an isometric isomorphism onto its image, it has an inverse A™' and A
and A~! are both continuous linear maps with operator norm 1. By part 1 of the lemma,
A has a continuous linear extension A to X, and ||A|| = 1. Moreover, since R(A) is dense
in Y and since X is complete, A1 also has a continuous linear extension B := A~ to
Y, and ||B|| = 1. But then B o A and the identity map Ix on X are both continuous
extensions of the identity map Iy, on X;. But X is dense in X, so BoA = Ix. Similarly,
we have Ao B = Iy, so A and B are mutually inverse. In particular, A is surjective.
Finally, for each z € X, we have

[Azlly < Al llzllx = lzllx = 1B o Az|lx < [|B|| - [|[Azly = | Az]ly,

so |[Az||y = ||z||x, which implies that A: X — Y is an isometric isomorphism, as desired.
|

1.3.6 Theorem. (Parseval-Plancherel)

(1) There exists a unique map Fy: L*(R™) — L*(R") that extends the map Fi|swn): S(R™) —
S(R™), and has the property that (2m) "Fs is an isometric isomorphism, or equiv-
alently, a unitary map.

(2) We have Fi(f) = Fa(f) for each f € L'(R™) N L*(R™).
By the second part of the Parseval-Plancherel theorem, we can define a map F on
L'(R") + L*(R") = {fi + fo: f1 € L'(R"), fo € L*(R")}.

that extends both F; and F5. It is even possible to extend the two maps further to the
space of temperate distributions S'(R™), which is the dual space of the Schwartz space
endowed with a suitable vector space topology. However, we do not require this degree
of generality, and we shall close our discussion of the Fourier transform by stating the
following properties:
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1.3.7 Proposition.

(1) Let f € L*(R"), let o € N, and suppose that D*f € L*(R"). Then F(D*f) =
§*F(f)-

(2) Let f € L*(R"), let o € N2, and suppose that z°f € L*(R"). Then F(z®f) =
(=D)*F(f))-

(3) Let f,g € L*(R™). Then the convolution f * g of f and g, given by
frgl@)= [ flz—y)g(y)dy,
Rn

is an element of L'(R™), and F(f x g) = F(f) - F(g).

(4) Let f.g € L*(R"). Then f-g € L'(R"), and F(f - g) = (2m)"F(f) * F(9g).

1.4 Unbounded operators

Let 2 C R™ be an open subset. Many interesting operations, such as the differential or
multiplication operators, are not well-defined maps, let alone bounded, from the Hilbert
space L%(Q) to itself, even if we interpret them as operations on distributions. The
theory of unbounded operators avoids this problem by dropping the requirement that
such ill-defined operations be defined on the entire Hilbert space:

1.4.1 Definition. Let H be a Hilbert space.
e Let V C H be a subspace of H. A linear map T: V — H is called an operator on
H. The set V is called the domain of T', and is denoted by D(T).
e An operator T is said to be densely defined iff D(T') is dense in H.
e Suppose S and T are linear operators on a Hilbert space. If D(S) C D(T) and
T|p(S) =S, then we write S C T

Next, we wish to define the adjoint of a densely defined operator, for which we need the
following lemma:

1.4.2 Lemma. Let T be a densely defined operator on a Hilbert space H. Then for each
x € D(T), the linear functional f,.: D(T) — C, given by z — (x,T'%2), is continuous if
and only if there exists a unique y € H such that f.(z) = (y,z) for each z € D(T).
Moreover, if such a y exists, then f, has a unique continuous extension to an element of

H*.

Proof. Suppose f, is continuous. By Lemma [1.3.5] it has a unique continuous extension
g to H. It follows from the Riesz representation theorem that there exists a unique y € ‘H
such that g(z) = (y,z) for each z € H, so in particular, we have f, = (y,z) for each
z € D(T).

Conversely, suppose that there exists a unique y € H such that f.(z) = (y,z) for
each z € D(T). Then f, is continuous by the Cauchy-Schwarz inequality, and its unique
continuous extension to H is of course the functional z — (y, 2). |
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1.4.3 Definition. Let T be a densely defined operator on a Hilbert space H. For each
x € D(T), let f,: D(T) — C be the linear functional given by z +— (x,Tz). Then we
define the adjoint of T as the operator T on H with domain

D(T*) :={x € H: f, is continuous},

that assigns to each x € D(T™) the unique element y € H such that f.(z) = (y, z) for
each z € D(T).

1.4.4 Remark. One readily verifies that 7™ is indeed an operator on H, i.e., it is linear.
In addition, if 7" is a bounded operator, then 7™ can be defined in two ways: either
using the above definition, or as the adjoint of the bounded linear extension of T to H.
Both definitions yield the same (bounded) adjoint with domain #, so the above definition
extends the definition of adjoints of bounded operators on H.

Next, we study the relation between an operator and its adjoint. A useful notion is the
graph of an operator. Before we introduce it, let us recall that if (V,(-,-)), is an inner
product space, then V2 = V x V can be given the structure of an inner product space as
well, with inner product (-, -)y2 given by

((x1,11), (@2, 2))v2 = (T1, 22) + (Y1, 12)-

1.4.5 Definition. Let T be an operator on a Hilbert space H.
e The set G(T) := {(z,Tx) € H*: x € V'} is called the graph of T.
e The operator T is said to be closed iff G(T) is a closed subspace of H?.
e The operator T is said to be closable iff the closure of G(T') in H? is the graph of
an operator on H.
e It T is closable, then the closure of T, denoted by T, is defined as the unique

operator on H with graph G(7').
1.4.6 Proposition. Let T' be an operator on a Hilbert space H.
(1) T is closable if and only if there exists a closed operator S on H such that T C S.
Now assume that T is densely defined.
(2) If S is an operator extending T, i.e., T C S, then S* C T*.

(3) Let J: H* x H? be the unitary operator given by (z,y) — (—y,z). Then we have
J(G(T)) & G(T*) = H?. Consequently, T* is closed.

(4) The operator T is closable if and only if T* is densely defined.
(5) If T is closable, then T** =T.

Proof.
(1) Obviously, if T is closable, then T is a closed operator extending T'.
Conversely, suppose S is a closed operator extending T'. Let

Vi={xeD(5): (z,5z) € G(T)},
and define the operator 7" on H as the restriction of S to V. Since S is an operator
extending 7', we have G(T') C G(S), and from the fact that S is closed, we infer that
G(T) € G(S). This implies that G(T") = G(T'), so T is closable, and T' = T".
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(2) This is readily verified from the definition of the adjoint.

(3) Let (z,y) € H? Then the following are equivalent:
o (2,y) € G(T);
e For each z € D(T), we have (z,Tz) = (y, 2);
e For each z € D(T), we have (J(z,Tz2), (z,y))z = 0;
o (,y) € J(G(T))

This proves the assertion.

(4) First note that a subspace V' C H? is the graph of an operator if and only if for each
x € H, there exists at most one y € H such that (z,y) € V. Since V is a linear subspace,
this is equivalent to the condition that if (0,y) € V, then necessarily y = 0. Moreover,
from the previous part of the proposition and the fact that the map J defined therein is
unitary and satisfies J? = —Idy:2, we see that

G(T) @ J(G(T")) = H>.

Thus for each y € H, the following statements are equivalent:
e T is closable;
If (0,y) € G(T), then y = 0;
If (0,y) € J(G(T*))*, then y = 0;
If (J(z,T*x),(0,y))32 = 0 for each x € D(T™), then y = 0;
If (z,y) = 0 for each x € D(T™), then y = 0;
D(T*) is dense in H;
T* is densely defined.

(5) Suppose T is closable. By the previous part of the proposition, 7% is densely defined,

so it has an adjoint. Applying part (3) of the proposition twice yields G(T')® J(G(T™)) =

G(T*) @ J(G(T*)), which implies that G(T') = G(T*), or equivalently, T" = T**  as
desired. ]

Let us introduce some important terminology:

1.4.7 Definition. Let T be a densely defined operator on a Hilbert space H.
e The operator T is said to be hermitian ift T C T™.
e The operator T is said to be self-adjoint iff T = T™.
e The operator T is said to be essentially self-adjoint iff T is self-adjoint.

1.4.8 Proposition. Let T be a densely defined operator on a Hilbert space H.
(1) T is hermitian if and only if (T'z,y) = (x, Ty) for each x,y € D(T).

(2) Suppose that T is hermitian. Then T is essentially self-adjoint if and only if T* is
hermitian.

(3) If T is essentially self-adjoint, then T is its unique self-adjoint extension.

Proof.
(1) This is an easy consequence of the definition.
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(2) If T is essentially self-adjoint, then T is self-adjoint. It follows from part (4) of
Proposition that 7' = T"*. Applying parts (3) and (4) of Proposition yields

so T is self-adjoint, and in particular it is hermitian.

Conversely, suppose T* is hermitian. Then, we have T* C T** = T. On the other
hand, we know that T is hermitian, so T' C T™, and since T™ is closed, it follows that
T CT* Thus T =T*, and hence T° = T* =T, so T is essentially self-adjoint.

3) Let S be a self-adjoint extension of T'. Then S is closed by part (3) of Proposition
1.4.6, so T C S. Part (2) of that proposition now implies that S = $* C T =T, hence

T=25. |
The two examples of hermitian operators that we shall study are the following ones:
1.4.9 Example. Let Q C R” be an open subset with C'-boundary.

(1) For each av € N, the operator D* with domain C§°(£2) is a hermitian operator on
L*(Q).

(2) Let V € L (Q) be a locally integrable function that is (almost everywhere) real-
valued. Slightly abusing notation, we shall use the letter V' for its associated multi-
plication operator on 2'(2). Then the operator H = —A + V with domain C§°(2)

is a hermitian operator on L?(2).

In both cases, one readily verifies that the operator is hermitian by using integration by
parts. Hermitian differential operators with domain C°(2) like the ones above are said
to be formally self-adjoint.

1.5 Stone’s theorem and its converse

Finally, we come to our main reason for introducing the notion of self-adjointness.

1.5.1 Definition. Let H be a Hilbert space.

e A wunitary evolution group on H is a group homomorphism U from (R, +) to the
group of unitary operators on ‘H (with compostion). In the rest of the text, unitary
evolution groups will be denoted by (U(t))icr.

e Let (U(t))ier be a unitary evolution group on H. The operator T on H with domain

D(T) :={x € H: lir% t 1 (U(t)r — z) exists.},

on which T is given by
r s ilimt (U (t)r — x),
t—0

is called the infinitesimal generator of (U(t))ier.
e A unitary evolution group (U(t)):wcr is said to be strongly continuous iff for each
x € H, the limit lim;_,o U(t)x exists and is equal to x.
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1.5.2 Lemma. Let (U(t))ier be a unitary evolution group on a Hilbert space H with
infinitesimal generator T. Then D(T') is an invariant subspace of U(t) for each t € R,
and T commutes with D(T).

Proof. Let t € R, let « € D(T). For each s € R\{0}, we have
s (U(s) = 1dy)U(t) = s (U(s +) = U(t)) = Ut)s"(U(s) = Idp)U (1),
and

Tz =ilims 1 (U(s) — Idy)x,

s—0

so by the boundedness of U(t), the limit
ilim s~ (U(s) — Idy)U(t)z,

s—0
exists, and
TU(t)x = ilir% s7HU(s) — Idy)U (t)x = iU (2) hH(l) sHU(s) = Idy)x = U(t)Tx,
5— 5—
which proves the lemma. |

Let us first state the converse of Stone’s theorem:

1.5.3 Theorem. Let T be a self-adjoint operator on a Hilbert space H. Then there
exists a unique strongly continuous unitary evolution group (U(t))ier with infinitesimal
generator T'.

Sketch of the proof. The proof uses some machinery from functional analysis. First, one
applies the spectral theorem for unbounded self-adjoint operators to 7. This yields a map
FE from the Borel o-algebra of R to the space of bounded operators on H that assigns to
each Borel set a projection in H, in such a way that E is a so-called projection-valued
measure, and 7' can be written as an integral fR AdE(X). The unitary evolution group is
then defined as the map

t X AB(A

and is more commonly denoted by (e™*T);cg. For details, we refer to chapters 4 and 5,

and to Propositon 6.1 in [19] [ |

1.5.4 Theorem. (Stone) Let (U(t))wer be a strongly continuous unitary evolution group
on a Hilbert space H, and let T be its infinitesimal generator. Then T is self-adjoint, and
U(t) = e T for each t € R.

Proof. See [19, Theorem 6.2] or [4, Theorem 5.3.3]. |

1.5.5 Corollary. Let H be a Hilbert space. Then there exists a bijection from the set
of strongly continuous unitary evolution groups on H to the set of self-adjoint operators
on H. The bijection maps a unitary evolution group (U(t))ier to its infinitesimal gener-
ator T'. The inverse map sends a self-adjoint operator T to the unitary evolution group

(eiitT)tER'

Thus in order to study the unitary evolution groups on a Hilbert space, one can also
examine the self-adjoint operators on that Hilbert space, a task that we take up in the
next section.
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2 Self-adjoint extensions of hermitian operators

Let a,b € R, a < b, let I :=]a,b[, and consider the differential operators D = —i% and

H:=D*+V = —% +V on L*(I), both with domain C§°(I). We have already noted
that D and H are hermitian operators. In what follows, we shall call these operators
test operators, as their domain is the space of test functions on I. The natural question
to ask now is whether they have self-adjoint extensions, and if so, how many of them.
Using a method described by Everitt & Markus in [6] and [7], we shall obtain a necessary
and sufficient condition on the closed extensions of these operators to be self-adjoint,
involving symplectic forms (in the case of H, for suitable potentials), and we shall see
how these symplectic forms can be constructed from arbitrary hermitian operators on
Hilbert spaces.

a

dz

In this subsection, we introduce some general ideas to determine the self-adjoint exten-
sions of the operator D on L?(a,b). Adopting the terminology in [10], we classify certain
extensions of linear operators as follows:

2.1 First example: the operator D = —1

2.1.1 Definition. Let T be a hermitian operator on H.
e The adjoint operator 7™, denoted by Ti,ax, is called the mazimal realisation of T
e A closed extension T' of T" such that T' C T}, is called a realisation of T
e The closure T of T, denoted by Timin, is called the minimal realisation of T.

2.1.2 Remark. Let T be as in the previous definition.

(1) Thin is a realisation of T, and for any realisation T of T, we have Ty, C T. This
justifies the term ‘minimal realisation’.

(2) Since T is hermitian, we have 7%, = T* = Ty, and T}

(5) of Proposition [1.4.6]

(3) Let © C R™, and suppose T is a hermitian differential operator such as D or H on
L*(Q) with domain C§°(€2). Then T defines a continuous operator Ty, on the space
of distributions 2'(€2) on Q. One readily sees from the definition of the adjoint of
an operator that D(Th..) = L*(Q) N Tyl (L3(a,b)). In other words, D(Tp.y) is
the set of all elements of L?*(2) for which the differential operator is defined in the
weak sense, and for which these ‘weak derivatives’ are again elements of L*((2).
This justifies the term ‘maximal realisation’. In particular, D(D,.x) is the set of
all weakly differentiable elements of L?(2), whose derivatives are also elements of
L3(Q), 50 D(Dpax) = H ().

= Tmin by parts (3) and

In order to determine the realisations of D and H, the following algebraic notion turns
out to be very useful:
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2.1.3 Definition. Let V' be a complex vector space.
o A complex symplectic form w on V is a nondegenerate sesquilinear form on V' that
is skew-hermitian, i.e.

w(u,v) = —w(v,u) for all u,v € V.

The pair (V,w) is called a complex symplectic vector space.
Let U C V be a linear subspace.
e The set
U¥:={veV:w(u,v)=0 for each u € U}

is called the symplectic complement of U in V.
e The subspace U is said to be isotropic ift U C U.
e The subspace U is said to be Lagrangian iff U = U*.

2.1.4 Remark.

e Contrary to real symplectic forms, complex symplectic forms can exist on odd-
dimensional vector spaces, e.g. (x,y) — iTy defines a complex symplectic form on

C.

e Given a finite-dimensional vector space V with basis (e, ..., e,), there is a bijective
correspondence between complex symplectic forms w on V' and invertible complex
n X n-matrices B such that B = —B*. This correspondence is given by

Bji, = w(ej,e) for 1 < j k <mn,
with inverse

w (i cje;, Zn:dkek> = c*Bd,
j=1 k=1

where c is the column vector whose j-th entry is ¢;, and d is defined analogously.
Moreover, the matrix 7B is symmetric, which implies that it is diagonalisable with
orthogonal eigenspaces (as subspaces of C"), so the same is true for B. Each
eigenvalue of B is purely imaginary.

2.1.5 Proposition. Let (V,w) be a (possibly infinite-dimensional) complex symplectic
vector space, and let U C 'V be a linear subspace. Then:

(1) U¥ is a linear subspace of V.

(2) Suppose || - || is a norm on V such that w is continuous with respect to this norm.
Then U% is a closed linear subspace of V. In particular, Lagrangian subspaces of V'
are closed.

(3) If V is finite dimensional, then dimU + dimU% = dimV. In particular, U is
Lagrangian if and only if U is isotropic and 2dimU = dim V.
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Proof.

(1) For each u € U, let f,: V — C be the map given by f,(v) = w(u,v). Then f, is a
linear functional on V', so N'(f,) is a linear subspace of V" and hence U = (), N (fu)
is a linear subspace of V.

(2) If wis continuous, then |w(u,v)| < cljul|||v] for some ¢ > 0, so the linear functionals
fu (uw € U) satisfy | f.(v)| < ¢||u]| and are therefore continuous. Hence N(f,,) is closed for
each v € U, and looking at the proof of the previous part of this propostion, this implies
that U“ is closed.

(3) Consider the map A: U¥ — (V/U)* given by u fu, where f, is defined by
fulv + U) := fu(v) = w(u,v). Note that f, is well defined since U C N(f,) for each
u € UY, so A is well defined. The map A is antilinear since w is antilinear in its first
argument. Now suppose that « € U* is an element such that f,(v + U) = 0 for each
v+U € V/U. Then w(u,v) = 0 for each v € V, so u = 0, since w is nondegenerate. Thus
A is injective.

Finally, suppose g € V/U is a linear functional. Then g(v) := g(v+U) defines a linear
functional on V. By assumption, w is nondegenerate, so the map B: V' — V* given by
u +— f, is an injective antilinear map. Since V is finite dimensional, we have V = V*
so B is a bijection, and consequently, there exists a u € V such that f, = g. Because
U C N(g), we have u € U¥, and f, descends to the linear funtional g on V/U. Thus A
is surjective, and it follows that U¥ ~ (V/U)* ~ V/U, so

dimU +dimU% =dimU + dim V/U = dim V.
[ |

2.1.6 Lemma. Let X and Y be topological vector spaces such that dimY < oo, and let
S: X =Y be alinear map. If N(S) is closed in X, then S is continuous.

Proof. The range R(S) of S with the subspace topology inherited from Y is again a
topological vector space, and the inclusion map ¢: R(S) — Y is continuous. Now X /N (S)
with the quotient topology is a topological vector space by [17, Theorem 1.41(a)], since
N(S) is a closed linear subspace of X, and the canonical projection m: X — X/N(S)
is continuous. Finally, the map S: X/N(S) — R(S), given by S(u + N (S)) := S(u) is
an isomorphism between finite dimensional vector spaces, so by [17, Theorem 1.21(a)],

it is an isomorphism of topological vector spaces. In particular, S is continuous. Since
S =108 om, it follows that S is continuous. |

2.1.7 Theorem. Let I :=|a, b].
(1) Let 0: G(Dpax) — C? be the map given by (¢, Dymax®) + (¢(a), d(b)). Then o is

linear, continuous and surjective, and N (0) = G(Duin)-
(2) Let m1: G(Dmax) — D(Dmax) be the projection on the first coordinate. The map
(+) D= o(G(D)),

yields a bijective correspondence between realisations of D and the linear subspaces
of C2, with inverse

(**) U — DmaX|ﬂ1(g—1(U)).
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(3) Let w : C?x C? — C be the complex symplectic form given by (c,d) — c*Bd, where
c and d are both column vectors, and

B (‘Oi ?)

For each linear subspace U C C?, let Dy be the realisation of D associated to it by
the correspondence described in (2). Then D}, = Dy.. Consequently, the hermitian
realisations of D correspond to the isotropic subspaces of C%, and the self-adjoint
realisations of D correspond to the Lagrangian subspaces of C2.

(4) A realisation D C Dpax of D 1is self-adjoint if and only if its domain is of the form

D(D) ={¢ € H'(I): $(b) = ¢"¢(a)},

for some 6 € [0, 27|.

Proof.
(1) The map g is clearly linear. Observe that the map H'(I) — L*(I) x L*(I), given
by © — (2, Diax) is an isometry with image G(Dyax). This, together with part (2) of
Theorem [1.2.4] implies that H}(I) = D(Dyin) and N (9) = G(Dun), which is closed in
L*(I) x L*(I) and which is therefore also closed in G(Dyax). The continuity of ¢ now
follows from Lemma 2.1.61

Next, suppose (¢, cz) € C2 Then

r—a

b—a

P(z) :=c1+ (ca — 1)

is a polynomial such that P(a) = ¢; and P(b) = ¢5. P and its derivative P’ are square
integrable on I, so P € H'(I), which implies that ¢ is surjective.

(2) Let D be some realisation of D. By linearity of g, the set o(D(D)) is a subspace of
C?, so the map given in ((4) is well defined.

Let U be a linear subspace of C?. Then U is also a closed subset of C2. Because p is
continuous and linear, ¢~*(U) is a closed subspace of G(Dyax) containing G(Dyiy), and
hence is a closed subspace of L*(I)x L*(I), since G(Dpay) is closed in L*(I) x L*(I). Thus
the operator Dmaxlm(g_1(U)) is a closed extension of D,;,, and therefore it is a realisation
of D. This shows that the map given in is well defined.

It remains to be shown that the two maps are mutual inverses. Again, let D be a
realisation of D. First applying and subsequently to D yields a realisation D
with graph g_l(g(g(f)))) C G(Dpax). It is clear that G(D) C Q(IA)), or equivalently,
D C D. Now let ¢ € D(D). Then (¢, Dyaxd) € G(D), so there exists a 1p € D(D)
such that 0(¢, Dyax®) = 0(¥, Dinaxth). But then o(¢ — 1, Dyax(¢ — ) = (0,0), which
implies ¢ — ¥ € Hy(I) = D(Dpin ). D is a realisation of D, 50 Dpyin C l~), which implies
p—Y € D(ZN)) and hence ¢ = ¢ —p + 19 € D(IN)) We conclude that D = D.

Finally, let U C C? be a subspace. First applying and subsequently to U
yields the subspace o(o~!(U)), which is equal to U, since g is surjective. Thus the maps
defined in and are indeed inverses of each other.
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(3) Let U € C? and let ¢ € D(Dyax)- If ¢ € D(DJ), then Dj;¢p = Diyax®, so ¢ € D(Djy)
if and only if

<¢7 Dmaxw> = <¢a DU¢> = <Dmax¢7 77/1> for each 1/1 € D(DU)
By the integration by parts formula (Lemma , this is equivalent to

i(@(b)(b) — d(a)ib(a)) =0 for each ¢ € D(Dy).

The expression on the left-hand side of this equation is exactly w(po 7 (¢), 00w *(1)).
In view of D(Dy) = m1(0~'(U)) and the fact that g is a surjection and m; a bijection, we
conclude that ¢ € D(D;;) if and only if po 77! (¢) € U¥. It follows that D, = Dye.

(4) From part (3) of this theorem, we know that the self-adjoint extensions Dy of D
correspond to the Lagrangian subspaces U of C? via

D(Dy) ={p € H'(I): gom;'(¢) € U}.

Since C? is two-dimensional, these are precisely the subspaces of C? spanned by a single

nonzero element (c;,cy) € C? such that w((cy, ), (c1,¢2)) = 0, which is equivalent to

lc1]? = |co|?. The condition (1, ca) # (0,0) now forces ¢; # 0 # ¢y and |ca/c1| = 1, so

there exists a unique 6 € [0, 27| such that c; = e?c;. Thus, if U is the linear span of

{c1, 2}, then

D(Dy) = {¢ € H'(I): ¢(b) = "(a)},

and conversely, if the domain Dy is as above for some 6 € [0, 27|, then U is Lagrangian.

[ |

2.2 Symplectic forms and boundary triples

Theorem [2.1.7] and its proof may seem somewhat complicated compared to the result
we were after, namely part (4) of the Theorem. Indeed, we could have obtained this
result in a more straightforward manner. However, the theorem can be adapted to other
situations with different operators, requiring only a few modifications. In this section,
we shall develop some theory that will aid us in finding the self-adjoint extensions of
differential operators, in partcular of the Hamiltonian H with a suitable potential V.

2.2.1 The endpoint space of an operator

In this subsection, we will return to the more general setting of a hermitian operator 7'
acting on an arbitrary Hilbert space H. We will see how symplectic forms naturally arise
in the study of closed extensions of hermitian operators.

2.2.1 Definition. Let 7' be a hermitian operator on H, let J: H? — H? given by
(z,y) — (—y,x), and let

VT = g(TmaX) N g(T)J_ == g(Tmax) N J(g(TmaX)>-
We define the sesquilinear form wy: Vp x Vi — C by
wr(u,v) := (u, Ju)gez, u,v € Vp.

The pair (Vr,wr) is called the endpoint space of T
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2.2.2 Proposition. Let T' be a hermitian operator on H.

T is a closed linear subspace of H?, and hence it is a Hilbert space wi e inner
1) Vpi losed li b f H2, and h it is a Hilbert th the i
product inherited from H?.

(2) wr is a continuous complex symplectic form on Vrp.

(8) Let P: H? — Vi be the orthogonal projection on V. Then for each x,y € D(Thax),
wr(P((@, Tnax)), P((Y; Timaxy))) = (Tmax®, y) — (@, Tinaxy)-

(4) The map
S— Vrng(s),

yields a bijective correspondence between the realisations S of T and the closed
subspaces U of Vi, with inverse

U1y := Tmax‘ﬂl(g(Tmin)EBU)'

(5) Let U C Vi be a closed subspace and let Ty be the corresponding realisation of T
Then T}, = Tywr. Consequently, Ty is hermitian if and only if U is isotropic, and
Ty is self-adjoint if and only if U is Lagrangian.

Proof.

(1) G(Thax) is a closed linear subspace of H? by part (3) of Proposition and
J: H?* — H? is unitary, so Vp = G(Tmax) N J(G(Tmax)) is a closed linear subspace of
H2.

(2) (-, )22 is sesquilinear and J is linear, so wr is sesquilinear. Now let
U= (J:a Tmaxx)a v = (y;Tmaxy) € VT-

Then

wr(u,v) = (u, Juygz = (Thnax®, Y) — (2, Tnax¥) = —(Tmax¥, ) — (Y, Tinax)

= —(v, Ju)y2z = —wr(v,u),
so wr is skew-hermitian. Vr is an invariant subspace of J, so taking v = —Ju, we obtain
wr(u,v) = |lul|3., which shows that wr is nondegenerate. Finally, since J is unitary, we

can apply the Cauchy-Schwarz inequality to obtain
wr(u, v)| = [(w, Jv)rz| < [ullsz - | Tvlle = [Jullaez - [[v]le,
which shows that wr is continuous.

(3) Let m : H?* — H be the projection on the first coordinate. Let z,y € D(Tiax),
let 1 := m o P(x, Tyaxt), let xg := x — 27 and define y; and y similarly. From the
calculation in the previous part of the proof, we obtain

WT(P(xa Tmaxx)a P(yaTmaxy>) = <Tmax-r17 Z/1> - <x1,TmaXy1>-
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On the other hand, since T},;, is hermitian, we have

(Tnax®, Y) — (T, Tinaxy) = (Tmax1, Y1) — (1, Tinax¥1) + (Tnax1, Y2) — (1, TinaxYa)
+ (Tnax2, Y1) — (2, Timax¥1) + (Tmax@2, Y2) — (T2, Tinaxy2)
= (Tnaxt1, Y1) — (21, Trnax¥1) + (Tmax1, Y2) — (21, Timin¥2)
+ (Tin2, Y1) — (T2, Tnaxy1) + (Tmin®2, Y2) — (T2, Tinaxy2)
= (Tmax1, Y1) — (71, Tnax1)-
This proves the identity.

(4) If S is a realisation of T, then G(S) is closed in H?, and hence closed in Vp. If
U is a closed linear subspace of Vi, then it is a closed linear subspace of H? because
Vr is closed in H2. It follows that G(Tii) @ U is closed in H?, so Ty is closed, and
G(Twin) € G(Tin) @ U C G(Tin) ® Vr = G(Tmax) implies that it is a realisation of
T. Thus both maps are well defined. The two maps are inverses of each other, since
G(S) = G(Tim) ® (VrNG(S)) for any realisation S of T, and U = Vy N (G(Tiim) ® U) for
any closed subspace U C V.

(5) Let S be a realisation of T', so that S* is also a realisation of 7. Then G(S) =
G(Twin) ® (VrNG(S)), and similarly, G(S*) = G(Twmin) ® (VrNG(S*)). Since J is unitary

and since Vr is invariant under J, we have
J(G(8%) = J(G(Tin)) © (Ve N J(G(S)) = G(Timax) ™ @ (Ve N J(G(S))),
by part (3) of Proposition and Remark [2.1.2] so that, again by part (3) of [1.4.6] we

obtain
H? = G(S) @& J(G(S™)) = G(Tmin) © (Ve N G(S)) & (Ve N J(G(S))) & G(Trma)
while on the other hand, we have Vy = G(T)* N G(Thax) = G(Tmin)* N G(Thnax), so that
H? = G(Tin) © Vi ® G(Tonax) -
Hence
Ve = (VrnG(5)) @& (Vr N J(G(5%))).

Now suppose S = Ty for some closed subspace U C V. Then for v € Vp, the following
are equivalent:

o veEU“T.

e wr(u,v) =0 for each u € U.

o (u, Ju)yz =0 for each u € U.

o JuecU*.

e VU E Q(S*)
We conclude that U“T = Vp N G(S*), which proves that T}, = Tyer, as desired. [ |

2.2.3 Example. Consider the case where H = L*([a,b]) and T = D, and let g and w be
the associated maps defined in Theorem Since

g<Dmax) = g(Dmln) s> VD = N(Q) ) VD7
the restriction gp := gly,, of ¢ to Vp is an isomorphism from Vp to C?, and by part (3)

of Proposition [2.2.2) we have wp(u,v) = w(op(u), op(v)) for each u,v € Vp.
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2.2.2 Boundary triples

We have shown that the self-adjoint extensions of a hermitian operator T" on H correspond
to the Lagrangian subspaces of its endpoint space (Vy,wr). This space is typically finite-
dimensional when 7' is a differential operator on the space of test functions on some
(possibly unbounded) interval, and later we will see that, given some ‘nice’ map ¢ as in
the previous example, Proposition [2.2.2| provides an easy way of checking whether a given
realisation of T is self-adjoint. However, it is not so easy to find all Lagrangian subspaces
of an arbitrary complex symplectic vector space, and therefore, to find all self-adjoint
extensions of T

Fortunately, there is another way to approach this problem, namely through the
method of boundary triples, and in some cases, this method does provide a way to
generate all self-adjoint extensions of a given hermitian operator. Here, we shall make
use of the endpoint space of an operator to establish some of the results concerning these
objects. For different approaches, we refer to [19, chapter 14] or [4] section 7.1].

2.2.4 Proposition. Let (V,w) be a complex symplectic vector space. For j = 1,2, let
(H;, (-,-)j) be Hilbert spaces and let oj: V — H,; be linear maps. Moreover, assume that
the map 01 ® 09: V. — Hi X Ha, given by

u = (o1(u), 03 (u))
is surjective, and that there exists a constant ¢ € C\{0} such that
w(u,v) = c({o1(u), o1(v)) = (o2(u), 02(v))2),
for each u,v € V.
(1) LetU: Hyi — Hz is a unitary map. Then the subspace U CV given by
U:={ueV:oyu)=Uoo(u)}
1s a Lagrangian subspace of V.

(2) Conversely, let U C V' be a Lagrangian subspace. Then there exists a unique unitary
map U: Hi1 — Ho such that

(%) U={ueV:oy(u)=Uoo(u)}.
Proof.
(1) Let v € U. Then for each u € U, we have

w(u,v) = c({o

— c((al(U),Ul(U)>1 — (Z/{ o Ul(u)>u © Ul(v)>2)

H
—~
I
Q
=
—~
S
SN—
=
=
|
—
Q
(Y]
—~
I
SN—
Q
(Y]
—~
S
SN—
=
[N}
S~—

since U is unitary. Thus U is isotropic.
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To show that U is Lagrangian, we note that o9(U) = Hs. Indeed, let x € Hs. Since
o1 @ 09 is surjective, there exists a u € V such that (oy(u),09(u)) = U 'z, z). Clearly,
this implies U o 0y (u) = 02(u), so u € U and hence z € o5(U).

Now let v € U¥. Then for each u € U, we have

0= %w(u,fu) = (01(u),01(v))1 — (o2(u), o9(v))2

= (U ooi(u),U ooai(v))s — (02(u), 09(v))2
= (02(u),U o o1(v) — 02(v))a,

and since o9(U) = Ha, it follows that U o 01 (v) = 02(v). Thus v € U, which implies that
U is Lagrangian, as desired.

(2) Since U is Lagrangian, it is isotropic, so for each u € U, we have

(xx) 0= %wwu) = [lo ()l = lloa(w)]l2,

so o1(u) = 0 if and only if o9(u) = 0, which implies N(o1|y) = N(0o2|y). Thus the
map o3|y factors through U/N (o1|y). Since U/N (o1|y) =~ R(o1|v) = 01(U), there exists
a unique linear map U: o1(U) — o2(U) such that 05|y = U o o1|y. Here, U is clearly
surjective, and from equation , it follows that I is an isometry, so it is a unitary map.

We claim that o (U) and 09(U) are dense in H; and Hs, respectively. Let z € oy (U)*.
Since o1 @ 09 is surjective, there exists a v € V such that (o1(v),02(v)) = (2,0). Then
for each u € U, we have

w(u,v) = c({o1(w),01(v))1 = (2(u), 02(v))2) = c({o1(w), 2)1 — {02(u), 0)2) =0,

so v € U¥. The subspace U is Lagrangian, so v € U, which implies that z € o,(U). We
have x € o1(U)* by assumption, so x = 0. Hence o;(U)*+ = {0}, and it follows that
01(U) is dense in H;. A similar argument shows that o2(U) is dense in Hs.

By Lemma , U has a unique unitary extension U: H; — Hy. We show that
holds. Note that by definition of U/, the subspace U is contained in the right-hand side.
Conversely, suppose v € V satisfies 09(v) = U o o1(v). Then for each v € U, we have

w(u,v) = c((o1(u), 01(v))1 = (02(u), 02(v))2)
= c((o1(u),01(v))1 — U 0 01 (u),U 0 01(v))2)
= c((o1(u), o1(v))1 = (o1 (u),01(v))1) =0,
since U is unitary. Hence v € U%, so v € U because U is Lagrangian. This proves .

Since 01(U) and 05(U) are dense in H; and Hs respectively, U is the only unitary map
H1 — Mo that satisfies (). ]

—_

2.2.5 Corollary. Let T be a hermitian operator on a hilbert space H, let (Vr,wr) be its
endpoint space, and for j = 1,2, let (H;,(-,-);) be Hilbert spaces and o;: Vi — H; be
linear maps. Moreover, assume that o1 @ oq is surjective, and that there exists a constant

c € C\{0} such that
wr(u,v) = c({o1(w), 01(v))1 = (2(u), 02(v))2),
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Jor each u,v € Vp. Then there erists a bijective correspondence between the self-adjoint
realisations T of T and the unitary maps U: H, — Ha, given by

U = T 21 (6T dU)

where
U:={ueVr:oy(u) =Uoo(u)}.
Proof. This follows from Propositions [2.2.2f and [2.2.4] [ |

2.2.6 Definition. Let T" be a hermitian operator on a Hilbert space H, let (V,wr) be
its endpoint space, let (Hy, (-,-)1) be a Hilbert space, and for j = 1,2, let o;: Vpp — H; be
linear maps. Moreover, assume that o, @ o9 is surjective, and that there exists a constant

¢ € C\{0} such that

wr(u,v) = c((o1(w), o1(v))1 = {o2(u), 02(v))2).
Then (H1,01,09) is called a boundary triple for T.

2.2.7 Example. (Continuation of Example Define the linear maps o1, 09: Vp —
C by 01(¢, Diax®) := é(a), 0o(d, Dymax®) := ¢(b). Then for each u,v € Vi, we have

wr(u,v) = =i({o1(u), 01(v))c = (2(u), o2(v))c).

(Note that (z1, z9)¢ is just a fancy way of writing z722.) Moreover, o1 @ 02 = or, and or
is surjective because p is surjective, so (C, 01, 02) is a boundary triple for D. Thus the
self-adjoint extensions of D are precisely the extensions D such that

G(D) = G(Dmin) ® {u € Vp: ga(u) =U o 01(u)},

for some unitary map U: C — C. Now a map U : C — C is unitary if and only if it is of
the form z — €z for some 6 € [0, 2n[. Applying the projection onto the first coordinate
to both sides of the above equation, we obtain

D(D) = {¢ € H'(a,b): ¢(b) = ¢”é(a)},

for some 6 € [0, 27|, since D(Dyin) = {¢ € H'(Ja,b]): ¢(a) = 0 = ¢(b)}. This is exactly
what we had already found in part (4) of Theorem [2.1.7]

The main reason that we did not assume that H; = H, in Proposition [2.2.4] is that it
allows us to prove Theorem [2.2.9, a result by John von Neumann. We first need the
following lemma, however:

2.2.8 Lemma. Let A be a linear operator on H. If D(A?) = D(A) and A*x = —x for
all z € D(A), then G(A) =V, & V_, where

Vi ={(z,y) € G(A): y = Lix}.

32



Proof. If v = (y,iy) € Vy and w = (2, —iz) € V_, then

<U7w>'H2 = <y’ Z> + <Zy7 _ZZ> = <y7 Z> - <y7 Z> = 07
so V, and V_ are mutually orthogonal linear subspaces. Now suppose (x, Az) € G(A).
Define 1

1
Y= 5(:1: —iAx), z:= 5(:15 +iAx) € D(A).

Then 1 1 1

and similarly, we see that Az = —iz. Since x = y + 2, we have
(z,Az) = (y, Ay) + (2, Az) e Vo @ V_,
which proves the lemma. |
Here is the main result:
2.2.9 Theorem. Let T be a hermitian operator on H, let I be the identity on H, let
Ky =N (Thax Fil),
and let (Vp,wr) be the endpoint space of T.
(1) Let Vi := {(2, Tiax®) € G(Tmax): © € K+} = G(Tax|k.). Then we have
Vr=VioV_.
In particular, V. and V_ are closed subspaces of the Hilbert space V.
(2) IfU: K. — K_ is a unitary map, then the operator S C T with domain
D(S) :={z+2"+Ux": x € D(Thun), ©’ € K, },

1s a self-adjoint realisation of T.

Conversely, if S is a self-adjoint realisation of T', then there exists a unique unitary
map U: Ky — K_ such that

DS)={x+2' +Ux": x € D(Tyu), o' € K. }.

Proof.

(1) Let m: H? — H be the projection on the first coordinate, and let A be the restriction

of Thnax to D(A) := w1 (V). Recall that G(Thnax) = G(Tmin) @ Vr and that Ty, = T,
Next, let = € D(A). Then for each y € D(T i), we have

0= <(.’L’, Tmaxx)a (y> Tminy)>’H2 = <$7 y> + <Tmaxx; Tmin?/);

80 (Tnax®, Tminy) = (—z,y). Thus Tpaxt € D(TF;)) = D(Tmax) and (Thay)*r = —z.

Moreover, (Tyax®, —2) = —J (T, Tmax®) € J(G(Tmax)), 80 (Ax, —x) = (Thmaxt, —x) € Vp.
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Hence D(A?%) = D(A), and for each z € D(A), we have A?r = —z. By Lemma the
spaces Vi := {(z,y) € G(A): y = Lix} satisfy G(A) = V[ @ V' . Thus we have
g(TmaX) - g(Tmln) ¥ V_|/_ S¥ V_/

It is evident that Vi C V4. The same argument that we used to prove that V| and V'’
are orthogonal can be used to show that V, and V_ are orthogonal, so to prove the first
part of the theorem, it suffices to show that the spaces V. are orthogonal to G(T ). We
shall show this for V; the argument for V_ is similar. Let x € N (Tjax — /). Then for
each y € D(Thuin),
<(l’, Tmaxx)a (y7 Tminy)>7{2 = <Q?, y> + <Tmax'r; Tminy> = <.T, y> + <’Z.CL’, Tminy>

= <$7 y> - Z.<T‘maxxa y) = <[E, y> - Z<Z[E, y>

= <£U,y> - <I7y> = 07
so V is indeed orthogonal to G(Tin ).

(2) Let Py: Vp — Vi be the orthogonal projection, and as before, let m;: H? — H be
the projection on the first coordinate. Note that the orthogonal projections exist by part
(1) of the theorem. Clearly, the maps m o Py: Vi — K are linear. Since

Ko = N(Tax Fil) = R(Topin £41)7,

the spaces K are closed subspaces of H, so they are Hilbert spaces together with the
inherited inner product. The map

(7T10P+)@(7T10P_)1 VT—>K+ XK_7
is surjective, and a right inverse for this map is given by
(@4, 2-) = (@4, Tonaxy) + (-, Tonax®-) = (24 + 2,2y — 22)),
since Vp = V, @ V_. Finally, let z,y € m(Vr), let x4 = m o Py(x, Thaxz) and let
Y+ = 1 © Pi(y, Taxy). Then
WT((Iy Tmaxx)a (yv Tmaxy))
= <($; Tmaxfl:)a (_Tmaxy> y)>H2
= <(ZL’+7 i[L‘+), (_iy—&-v y+)>'H2 + <(ZE+, il‘-f—)a (iy—a y—))'H2
+ <<I,, _iQ:*)? (_iy+7 y+)>7{2 + <(23,, _ix*)a (Z-y,, y*)>?~l2
= (24, ix4), (Yrs ty+)) e — (2, —iz-), (Y-, —iy—))22)
= 2Z(<x+7y+> - <x—7y—>>a

where in the third step, we used V, L V_. Applying Corollary with 0y =m0 Py
and o9 = m o P_, we conclude that for any unitary map 4: K, — K_, the restriction of
Tnax 10 G(Thin) ® U with

U= {uE Vip: 7r10P_(u) =UO7T10P+(U)},

is a self-adjoint realisation of 7', and conversely, that for any self-adjoint realisation S of
T, there exists a unique unitary map U : K, — K_ such that G(S) = G(Tiin) ® U, with
U as above. Applying m; to both sides of the identity G(S) = G(Tiin) @ U yields the
result. ]

34



2.2.10 Definition. The spaces K4 in the above theorem are called the deficiency sub-
spaces of T. The Hilbert dimensions of these spaces are called the deficiency indices of
T.

2.2.11 Corollary. Let T be a hermitian operator on a Hilbert space (H, (-,-)).
(1) T has self-adjoint extensions if and only if T' has equal deficiency indices.

(2) T is essentially self-adjoint if and only if the deficiency indices of T are both equal
to 0.

This corollary is relevant to our cause, because it allows us to prove the existence of a
self-adjoint realisation of certain differential operators, including D and H. It is used to
prove the following result, which is also due to John von Neumann, (cf. [4, Proposition
2.2.16]).

2.2.12 Proposition. Let T' be a hermitian operator on a Hilbert space (H,{-,-)) and let
C: H — H be an antilinear isometry such that C* = I. If C(D(T)) € D(T) and if C
commutes with T, then T has equal deficiency indices. Equivalently, T has a self-adjoint
extension.

2.2.13 Corollary. Let 2 C R"™ be an open set, and let T be a formally self-adjoint
differential operator with domain D(T) = C§(Q) C L*(Q). Then T has a self-adjoint
extension.

Proof. Let C: L*(Q) — L?*(Q) be the map given by ¢ +— ¢ and apply the previous
proposition. |

2.3 The Hamiltonian H = — &, 4V
dx
2.3.1 Hamiltonians with regular endpoints

Now we will turn our attention to the operator H = —% + V and adapt the necessary
and sufficient criterion for realisations of D to be self-adjoint, obtained in part (3) of
Theorem to H. In addition, we will use the theory of boundary triples to obtain
all self-adjoint extensions. However, we have to put some extra condition on V' besides
the fact that it is an element of L2 (Ja, b[).

2.3.1 Definition. Let H be a Hamiltonian on Ja, b[C R with V € L2 _(Ja, b[).

loc

e The endpoint a is said to be regular for H iff there exists a ¢ €]a, b] such that the
limit limg_,q+ f; |V (x)| dx exists. Similarly, the endpoint b is said to be a regular

endpoint for H iff there exists a ¢ €]a,b| such that the limit limy ;- fcd |V (z)| dz
exists.

e [f the endpoint a is not regular, then a is said to be singular; likewise for b.

2.3.2 Remark. Since L2 (Ja,b]) C L .(Ja,b[), it follows from Levi’s monotone conver-
gence theorem that a is a regular endpoint for H if and only if there exists a ¢ €la, b]
such that |V| € L'(a,c). A similar statement can be formulated for the endpoint b. In
particular, if both a and b are regular endpoints of V and a,b € R, then |V| € L'(Ja, b]),
and using Lebesgue’s dominated convergence theorem, one can show that V' € L'(Ja, b[).

Thus V € L'(]a, b]) if (and only if) both a and b are regular endpoints for H.
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In addition, let us recall the following notion:

2.3.3 Definition. Let I C R be a (possibly unbounded) interval. A function f: I — C
is said to be absolutely continuous iff there exists a g € L} (I) such that for each ¢,d € T
with ¢ < d, we have

d
() = £le) = [ gta) do.
The space of all such functions is denoted by AC([).

2.3.4 Remark. Using Lebesgue’s dominated convergence theorem, it is easily seen that
the elements of AC(I) are continuous; this justifies the name of the space.

In order to be able to use the same method as in Theorem we require the following
result, which is a summary of Proposition 2.3.20 and some of the results in section 7.2 of
[4]. ITn what follows, let {-,-) be the standard inner product on L*(]a, ).

2.3.5 Theorem. Let a,b € R, a < b and let Hg be the operator on the space of
distributions 2'(|a,b]) on |a,b[ associated to H. Then:

(1) The domain of the maximal realisation of H is given by
D(Hmax) = {¢ € LQ(]a’a bD Qb, QZS, € AC(]CL, b[)a Hdist¢ € L2(]a7 bD}

This is also true whenever a = —o0 or b = 0.

For each x €la,b] and ¢,v € D(Hpax), let Wi (¥, @) := (x)d/ (x) — ' (x)d(x).
(2) For all ¢,d €|a,b] and ¢,1) € D(Hpax), we have

|| W @6() = T s 8)(0) i = Walth,6) = W),
Moreover, the limits

Wa(,¢) := lim We(¢, );

c—at

Wb(w7¢) = lim Wd(¢,¢),

d—b—

exist, and

<Hmaxw7 ¢> - W, Hmax¢> - Wb<w7 ¢) - Wa<wa ¢)

(8) The domain of the minimal realisation of H is given by

D(Hpin) = {¢ € D(Hpax): Wa(th, ) = 0= Wy(1), @) for each 1) € D(Hpyax)}-

(4) The deficiency indices of H are both at most equal to 2.

Now suppose that both a and b are reqular endpoints of H. Then:
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(5) The domain of the mazximal realisation of H is given by
D(Hmax> - {¢ S LQ(]aa bD ¢a Cb/ € AC[CL, b]a Hdist¢ € L2(]a7 bD}7

i.e. the elements ¢ and ¢ of L*(Ja,b]) have absolutely continuous representatives
on la,b| that can be extended to absolutely continuous functions on [a,b].

(6) The domain of the minimal realisation of H is given by
D(Hmin) = {¢ € D(Hmax): ¢(a) = ¢'(a) =0 = ¢(b) = ¢(b)}.

(7) The deficiency indices of H are both equal to 2.

2.3.6 Remark. In some of the literature on quantum mechanics, the quantity

Wo (¥, 9) = ¥(2)¢ (x) — ¢/ (2)¢(2),
defined in the previous theorem is called the Wronskian of v and ¢ at x.
Similar to Theorem [2.1.7, we have the following theorem:

2.3.7 Theorem. Assume that H is the operator on L*(a,b) as above, and that a and b
are reqular endpoints for H.

(1) Let 0: G(Hpax) — C* be the map given by (¢, Hmax®) — (¢(a), ' (a), p(b), ¢'(b)).
Then o is linear, continuous and surjective, and N (0) = G(Hpin)-

(2) Let m1: G(Hmax) = D(Hmax) be the projection on the first coordinate. A bijective
correspondence between realisations H of H and linear subspaces U of C* is given
by

H — o(G(H)),
with inverse
U = Hunax|m (o-1 (1)) -

(3) Let w be the complex symplectic form on C* given by w(c,d) := c*Bd, where

o O = O
o= O O

and ¢ and d are column vectors. For each linear subspace U C C*, let Hy be
the realisation of H associated to U by the correspondence described in (2). Then
H}, = Hye. In particular,

e The hermitian realisations of H correspond to the isotropic subspaces of C*;
e The selfadjoint realisations of H correspond to the Lagrangian subspaces of C*.
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(4) Let (Vir,wg) be the endpoint space of H, and let ofr: Vi — C* be the restriction of
o to Vy. Then for each u,v € Vg, we have

wr (u,v) = w(en (u), 0r (v)).

Proof. We will only prove parts (1) and (4); the remaining parts of the theorem can
be proved in the same way as parts (2) and (3) of Theorem R.1.7] It is clear that o is
linear. By part (6) of Theorem [2.3.5, we have N (¢) = G(Hpin), which is closed, so ¢ is
continuous by Lemma [2.1.6]

It remains to be shown that g is surjective. By part (6) of Theorem we have
G(Humin) = N(0), s0

g(Hmax) = g(Hmln) S¥ VH = N(Q) ) VH7

which implies that g is injective. It follows from part (7) of Theorem and part (1)
of Theorem that dim(Vy) = 2+ 2 = 4, so gy is an isomorphism, and consequently,
o is surjective. This proves part (1).

Part (4) of the theorem follows from parts (2) and (5) of Theorem and part (3)
of Proposition [2.2.2] ]

2.3.8 Example. As in the case of D, it is possible to find a boundary triple for H.
Because gy is an isomorphism from Vy to C* we are going to look for linear maps
01,09: Vg — Hy such that (Hi,01,02) is a boundary triple for H, where the Hilbert
space H; is C? equipped with its standard inner product.

Let w be the symplectic form from the previous theorem and let B be its associated
matrix. We note that B has two eigenvalues, namely 44, whose corresponding eigenspaces
are spanned by the orthonormal vectors

1 0
I =] 110
— , and —
V210 NOE I
0 +1i
It follows that the matrix g, given by
1 01 0
~ I =i 0 4 O
A= v2lo 10 1)
0 ¢« 0 —1

is unitary, and that

B = AANA"" = AANA*,
where A =i - diag(1,1,—1,—1). Let A := A*. Then
w(c,d) =c"A*"AAd = (Ac)*A(Ad).

Now let P, P,: C* — C2 be the projections on the first two and the last two coordinates
respectively. Then P, @ P,: C* — C* is surjective, and

w(c,d) = (Ac)*A(Ad) = i({(P o A(c), Py 0o A(d))c2 — (Py 0 A(c), Py o A(d))c2),
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so if we set 0 := Pjo Aoy for j = 1,2, (identifying the matrix A with the corresponding
unitary map relative to the standard basis of C*), then it follows from part (4) of Theorem
and the fact that o and A are isomorphisms, that (C2, 0y, 09) is a boundary triple
for H. A straightforward computation shows that

_ L (e +ida) 1 (d(a) —id!(a)
Ul<¢7 Hmax¢> - \/5 <¢(b) —Z(ﬁ,(b)) d 2(¢7 Hmax¢) \/§ ((b(b) +’i¢,(b>)7

so that, following the same line of reasoning as in Example the self-adjoint realisa-
tions H of H correspond to the unitary 2 x 2-matrices M via

o oo - (35 16) - (50

A complex 2 x 2-matrix M is unitary if and only if there exist ¢,d € C with |¢|*+|d|? =1

and 0 € [0, 27[ such that
40 C —C_Z
M=e (d . ) .

Thus we have obtained an explicit parametrisation of the self-adjoint realisations of H.

2.3.9 Example. (Continuation of Example For j = 1,2,3,4, let ¢; be the j-th
standard basis vector of C*. We borrow the following examples of boundary conditions
which yield selfadjoint extensions from [4]:

(1) Dirichlet: ¢(a) = ¢(b) = 0. The corresponding subspace U C C* is spanned by
ey and ey, which is two-dimensional and isotropic with respect to w, and there-
fore a Lagrangian subspace of (C* w) (apply part (3) of Proposition [2.1.5). The
corresponding unitary matrix is —1.

(2) Neumann: ¢'(a) = ¢'(b) = 0. The corresponding Lagrangian subspace is spanned
by e; and e3, and the corresponding unitary matrix is /.

(3) Periodic: ¢(a) = ¢(b), ¢'(a) = ¢'(b). The corresponding Lagrangian subspace is
spanned by e; + e3 and ey + e4, and the corresponding unitary matrix is

01
1 0)°
(4) Antiperiodic: ¢(a) = —¢(b), ¢'(a) = —¢'(b). The corresponding Lagrangian sub-
space is spanned by e; — e3 and ey — e4, and the corresponding unitary matrix

is
0 -1
-1 0)°

2.3.10 Remark. It is worth noting that the self-adjoint extensions of the ‘actual’ Hamil-

tonian Hy := —%% + V are characterised by the same boundary conditions as the
self-adjoint extensions of the operator H = —% + V. Indeed, we have Vi, = Vj, and if
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we define gy and w as in Theorem [2.3.7], and wy, is the sympectic form with the property
that wpy, (u,v) = wi(om(u), og(v)) for each u,v € Vi, then
h2
Wh = %w,
which means that a subspace of Vy is isotropic/Lagrangian with respect to wy, if and only
if it is isotropic/Lagrangian with respect w.

2.3.2 The free particle

Before turning to some singular examples, let us mention one specific example of a Hamil-
tonian on a bounded interval I with regular endpoints, namely the one with V' = 0, so
that H = D?. This is the Hamiltonian of a free particle moving on a bounded interval.
We will compute its self-adjoint extensions for the case that [ is unbounded. However,
let us first state the following fact, which can be found as Theorem 4.23 in [10].

2.3.11 Theorem. Let m € Ny, and let I be an interval (possibly unbounded). Then
D((D™)max) = H™(I) and D((D™ )min) = Hg"(I).

We have already found the self-adjoint realisations of H = D? on [ in the case that I is
a bounded interval. The case I = R is easy; it follows from part (2) of Theorem [1.2.4]
and Theorem that in this case, the operator H is essentially self-adjoint, and that
its unique self-adjoint extension has domain H?*(R). We shall briefly discuss the case
I =]a, oo[. Of course, the case I =] — 00, b| is quite similar.

2.3.12 Example. If [ =|a, co[, then it follows from the preceding theorem that D(Hax) =
H?(I), so that by part (1) of Theorem [1.2.4] the values ¢(a) and ¢'(a) are defined for
each ¢ € D(Hpyay). Thus we can define the linear map ¢: G(Hpa) — C? that sends
(¢, Hmax®) to (¢(a), ¢'(a)), and from part (2) of Theorem and Theorem we
infer that N'(9) = G(Hupin), S0 o is continuous.

Let (c1,c2) € C* and let o € C°(R) be a cut-off function that is equal to 1 in a
neighbourhood of a. Moreover, let P be a polynomial such that (P(a), P'(a)) = (¢1,¢c2),
for example P = co(x — a) + ¢;. Then «f;P is an element of H?(I) such that the
corresponding element in the graph of Hy,.y is mapped to (¢1, ¢2) under . We conclude
that p is surjective.

It follows from part (3) of Theorem that for each ¢,v» € H?(I), we have
lim, oo Wy (%, ¢) = 0. Thus, applying part (2) of Theorem [2.3.5]to the intervals Ja, a + k|
with k£ € N, and subsequently letting £k — oo, we obtain

<Hmaxw7 ¢> - <¢7 Hmax¢> = _Wa<wa (b) = —¢<a)¢/<a> + wl(a>¢(a>7

by dominated convergence. Hence, if o : Vg — C? is the restriction of o to Vi, then the
complex symplectic form w on C? associated to the matrix

0 —1
5= (1 ).

via w(c,d) = ¢*Bd, satisfies wy(u,v) = w(og(u), og(v)). Using the same approach as in
Example [2.3.8] we obtain a boundary triple (C, o1, 09) for H, where

01(0, Huax®) := ¢(a) +1i¢'(a), and o09(¢, Hpax®) := ¢(a) —i¢'(a).
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It follows that each self-adjoint extension Hof H corresponds to a unique 0 € [0, 27| via

D(H) = {¢ € D(Huax): ¢(a) —i¢/(a) = ¢*(¢(a) + i¢/ (a))}.

In particular, # = m and # = 0 correspond to Dirichlet and Neumann boundary conditions,
respectively.

2.3.3 Some Hamiltonians with a singular endpoint

For Hamiltonians on an interval with an endpoint a that is singular for H, the limits
lim, ,,+ ¢(x) and lim, .+ ¢'(x) need not both exist for each ¢ € D(Hpyax), in which
case it is impossible to define the maps ¢ and ogy in the way we did in Example [2.3.8|
However, there are examples of potentials V' (z) where these limits can be replaced by
different limits that do exist for all elements of D(Hyax), so that, by modifying the map
0, we can still classify the self-adjoint extensions of the Hamiltonian associated to these
potentials. We mention the following two examples, which can be found as [4, Example
7.4.1], where the existence of said limits is discussed in greater detail.

2.3.13 Example. The Hamiltonian with potential V (z) = —1; on the interval ]0, 1:
Here, 1 is a regular endpoint for H, so the limits lim, ;- ¢(z) and lim, ,;- ¢'(x) are
still well defined. The point 0, on the other hand, is a singular endpoint, and the limits
lim, o+ ¢(x) and lim,_,o+ ¢'(z) are replaced by
— |
St @ ) gl0) )

z—0t \/Eln(x) z—07F \/E
Subsequently, the linear map ¢0: G(Hyax) — C?* is defined by
(¢, Himax®) = (f(0), 9(6), o(1), ¢'(1)).

One can check that \/z, /2 In(z), 22 and 2* are elements of D(Hyax), and that the images
of the corresponding elements of the graph under p form a basis of C*, which shows that
o0 is surjective. Moreover, it turns out that the Wronskians at the endpoints satisfy

Wo(v,0) = F(¥)g(9) = 9(®)f(9), and Wi(y,¢) = »(1)¢'(1) — &' (1)e(1),
for each ¢,1 € D(Hpax). From part (2) of Theorem m, it follows that

<Hmax¢7 ¢> - <1/}7 Hmax¢> - W1(¢; qb) - WO(¢7 ¢> = w(@(¢7 Hmaxw)v Q(¢7 Hmax¢))a

for each ¢, 1 € D(Hyax), where w is the same symplectic form as in Example [2.3.8] Now
suppose ¢ € D(Hpin). In view of Hf . = Hpyin C Hpax and the equation above, we have

max

W(Q(¢’ Hmax¢)7 Q(QS? Hmax¢)) = 07

for all 1) € D(Hpax). 0 is surjective and w is nondegenerate, so 9(¢, Hyax®) = 0, and we
conclude that N (o) = G(Hpin)-

Thus the map p is continuous, and its restriction oz : Vg — C* to Vy satisfies
wi (u,v) = w(on(uw), on(v))
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for each u,v € G(Hpax). We can now proceed by the exact same way as in Example m

to show that the self-adjoint realisations H of H correspond to the unitary 2 x 2-matrices
M via

D(H) = {¢ € D(Hupax) (i((f))j @ig’((?;) =M (gjzﬁc((f)); z’iz/((qi;) }

For the next example, we require the following lemma:

2.3.14 Lemma. Let I,15,...,1,, C R be open intervals that are pairwise disjoint, let
I:=U", 1, let H be a Hamiltonian on I (with domain D(H) = C§°(I)) and let H; be

j=1
the corresponding Hamiltonian on I; for j = 1,2...,m, so that D(H;) = C§°(I;) and

H;(¢|1;) = (Ho)|r, for each ¢ € Cg°(I). Then we have

D(Hmin) = @D<Hj,min)a D(Hmax) = @D(Hj,max)a VH = @ VH]'a
j=1 j=1 j=1
and
wy(u,v) = Zij(Pju, P;v) for all u,v € Vg,
j=1

where Pj: Viy — Vy, is the map that restricts an element of (L*(I))? to the corresponding
element of (L*(I;))?.

Proof. We identify elements of L*(1;) with elements of L*(I) by extension by zero outside
I;. In that way, we have

SO

which implies D(Hin) = @)~ D(Hjmin). Using part (3) of Proposition and the
fact that H* = H;,, we obtain

max

= () J(G(Hjmin))" =) <Q(Hj,max> & @(L2(Ik))2)
j=1 j=1 k#j
- @ g<Hj,maX)7
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which implies D(Hmax) = @)~ D(Hjmax)- Next, we note that

Vit = G(Humax) N J(G(Hrmax) (@g jmax> (@J (Himax) )
@ ]max ]max @VH

Finally, let ¢, 1 € D(Hpyax). By part (3) of Proposition we have
WH((¢aHmaX¢) (¢7 max¢>) < max?vb ¢>L2(1) - (77/] HmaX¢>L2(I)
Z jmaxw‘1]7¢‘f >L2 <¢‘IJ7 ]max¢’[ >L2(I)

Il
Ms i

( (w’ maxlp) ((b’ max¢))

<.
Il
-

as desired. [ ]

2.3.15 Example. (The one-dimensional hydrogen atom)

The Hamiltonian with potential V' (z) = —Ty Oon R\{0} (x #0):

We have R\{0} =] — o0,0[U]0, 0], so if H_ and H, are the Hamiltonians with the
same potential on | — oo, 0] and ]0, co| respectively, then by the above lemma, we can
determine Hy,.x by determining H_ .« and Hy .. We will determine H y,ax; the
realisation H_ ,,,x is obtained analogously.

Part (1) of Theorem immediately gives us the maximal realisation of H pax:
D(H max) = {¢ € L*(]0,00]): ¢, ¢ € AC(J0, 00[), D*¢ + V¢ € L*(]0,00[)}.

In view of the fact that V' is continuous and bounded on (1,00), we have D?¢|j1 o €
L*(]1, 00]) for each ¢ € D(H.; max), so that by Theorem [2.3.11} we have @} oof € H?(]1, o0]).
By part (4) of the same theorem, ¢(z), ¢’ (z) — 0 as © — 00, so we can argue as in Ex-

ample that
<H+,maxw7 ¢>L2(]0 oo[) W H+ max¢>L2 (10,00)) = _W0+ (1/} (b)

for each ¢, € D(H max), where

Wos(,0) = lim (2)¢/(x) — ¥/(2) ().
Defining Wy- (¢, ¢) in a similar way for ¢, 1 € D(H_ ax), We obtain

(Humax®, &) 2w\ f01) — (¥, Himax®) 22w\ f0y) = Wo- (¥, ) — Wor (¥, ¢),
for each ¢, 1 € D(Hyay). Because Hyy = H

max

C H,.x, the above equation implies

D(Hpin) = {¢ € D(Hmax): Wo- (¢, ¢) — Wo+ (¢, ¢) = 0 for each ¢ € D(Hyax)}-
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It is shown in [4, Section 7.4.1] that for each ¢ € D(Hpay), the limits

fo(6) = lim 6(x), and g2(6) = lm ¢/(x) % ro(x)In o]

z—0%

exist, that
Woz (¥, 0) = f1(¥)g+() — g+ (V) f=(9),

and that the deficiency indices of H are equal to 2. Let 0: G(Hpax) — C* be the map
given by

(¢7 Hmax¢) = (f*((b)a g*(qs)? f+(¢)7 g+(¢))7

let oy be its restriction to Vg, and let w be the same symplectic form as in Examples
2.3.8 and [2.3.12] Then by part (3) of Proposition [2.2.2) we have

((w; maxw> (Qbu Hmax(b)) < maxw ¢>L2 (R\{0}) <w7 max¢>L2 (R\{0})
- WO* (¢7 ¢) W0+ (wv ¢)

= f-()g9-(¢) — 9-(¥) f-(¢) — f+(¥)9+(®) + 9+ (V) [+ ()
= W(QH(¢7 Hyax®), 01 (9, HmaX¢))7

for each (¢, Hmax®), (¥, Hmax??) € Vi. Suppose that og(u) = 0 for some u € V. Then
from the above equation, it follows that wy(u,v) = 0 for each v € Vy, so u = 0 by
part (1) of Proposition 2.2.2] Thus oy is injective. Since the deficiency indices of H are
both equal to 2, we have dim Vg = 4, so gy is an isomorphism and consequently, o is
surjective.

Earlier, we found D(Hy,), and from it we infer that N (9) € G(Hpi,). On the other
hand, we have

dim (G (Huax) /G (Hupin)) = dim Vg = 4 = dim R(9) = dim(G(Hyax) /N (0)),

so N (o mm and p is Contlnuous The rest of this example is completely analo-
gous to Examples 8 and . One finds that the self-adjoint realisations Hof H
correspond to the unltary 2 X 2 matrlces M via

ot = {s e vl < (1 200 <0 (10 T}

2.4 Higher dimensions

So far, we have only looked at self-adjoint extensions of the Hamiltonian on open intervals.
What about extensions of the Hamiltonian on open, connected subsets €2 of R™ with
n > 27 Some of the results we gave have an analogue in higher dimensions. For example,
if I is an interval, then using part (1) of Theorem [1.2.4] one can define the restriction of
an element ¢ € H™(I) to the boundary I in a meaningful way. In higher dimensions,
we have the following statement, which can be found in [2, pp. 315-316]:

2.4.1 Theorem. Let Q C R"™ be an open set with a bounded, C' boundary. Then there
exists a unique bounded, surjective linear map H?(Q) — H3?(0) x H'/?(0Q) that sends
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each ¢ € C™(Q) to (é|aq, %), where g—i is the normal derivative of ¢ at the boundary.
Furthermore, we have

0 0
(0, 6) 2@y — (80— 120y = (92 B zomy — (b oo

In this expression, 0S) is equipped with its surface measure.

The spaces H*?(0) and H/?(0Q) are fractional Sobolev spaces; we shall not bother to
define them here, and instead refer the reader to [2, p. 314]. Theorems such as the one
above, relating elements of Sobolev spaces on a certain domain to elements of Sobolev
spaces on the boundary of that domain, are called trace theorems, and the integration
by parts formula in the above theorem is a rigorous version of what is commonly known
as Green’s second identity. We have already encountered the one-dimensional version of
this identity in part (2) of Theorem [2.3.5]

Theorem [2.3.11] on the other hand, carries over only partially to higher dimensions
for m = 2; we have D(—Anim) = HE(Q) (cf. [10, Theorem 6.24]), but in general, HZ(£2)
is a proper subspace of D(—Apax) (cf. [10, p. 143]). This of course also means that
the above trace theorem does not apply to all elements of D(—A.x). Finally, because
H32(09Q) and H'Y?(0N) are infinite dimensional spaces, the endpoint space of —A has
infinite dimension as well.

Despite the fact that a general classification of self-adjoint extensions of the Laplacian
in higher dimensions seems to be out of reach, we do have the following positive result:

2.4.2 Theorem. Let Q C R"™ be an open, bounded subset with C?-boundary, let —Ampax
be the maximal realisation of the Laplacian on 2. Then

—Ap = —AmaX|H2(Q)ﬂHé(Q)’ and

—Ay = _Amax|H2(Q)ﬁV7

are self-adjoint realisations of —A, where

99
V= H*(Q): == =0
(o€ H¥(): 52 =0},
and the normal derivative % 15 defined as in the trace theorem.
Proof. See Theorems 10.19 and 10.20 in [19]. [ |

The realisations —Ap and —Ay are associated to Dirichlet and Neumann boundary
conditions respectively. Thus these boundary conditions have self-adjoint extensions for
a reasonably large class of subsets of R".
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3 Coherent states and the classical limit

We will now study so-called coherent states, which are useful for a couple of reasons.
Firstly, they provide us with a way of quantizing classical observables, i.e. associating
operators on some Hilbert space to these classical observables. Secondly, coherent states
can be regarded as quantum-mechanical approximations to the classical moving point
particle. They depend on the parameter /i €]0, 0o, and the approximation to the point
particle becomes better and better as A — 0, enabling us to study classical motion as
a limit of the time evolution of the coherent state as determined by the Schrodinger
equation. Let us give the formal definition of a coherent state as it is found in [12].

3.0.1 Definition. Let M be the phase space of a system with Liouville measure p, let
X CJ0, 00| be a set such that 0 € X (the closure is taken with respect to the topology
on R), and let (#,(-,-)) be a Hilbert space. A family (V1) .)exxar of elements of H is
called a family of coherent states if it satisfies the following conditions:

(1) For each h € X, the map M — H, 2z — ¥ is an injection.
(2) For each z € M and each i € X, we have || ¥"|| = 1.

(3) Foreach i € X, there exists a constant ¢; > 0 such that for each normalized ¢ € H,
we have

/ dyup(2) [, B2 = 1.
M

(4) For each 2 € M and each f € C%(M) (CO(M) being the space of compactly
supported continuous functions on M), we have

h—0

lim ¢, /M dyiz(w) f(w)|(Th, TP = f(2).

The third property in the definition can be interpreted as follows: For a given value of A
and a (normalized) state ®, the map N — ¢, [, dur(2)[(PL, ®)|? from the p-measurable
sets to [0, 1] defines a probability measure on the phase space M. Its probability density
function z — ¢ (P", ®)|? is called the Husimi function.

The fourth property then implies that for ® = W” this measure, viewed as a functional
on C%(M), converges weakly to the Dirac measure at z, which justifies the statement that
U is an approximation to a point particle which is located at point z in the phase space
M.

Next, we show how to define an associated quantization map:

3.0.2 Definition. Let f be a measurable, essentially bounded function on M and let
h € X. Then we define QP (f): H — H by

QF(f)(®) = / dyiz (=) f(2) (0", B) W,

M

for each ® € H. This type of quantization is called Berezin quantization.

We will mainly be concerned with the following family of coherent states:
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3.0.3 Example. Let M := R?" = T*R" be the phase space of the configuration space
R™, with measure du;, = (27) "]\, dg:dp;, let X :=]0,00[ and let H := L*(R™). Then
the states given by

xlf?p o= (mh)~"/Aem e/ Meipa/ho—(a=)®/2h

are known as Schrodinger’s coherent states.

We shall give a very rough sketch of the proof that Schrodinger’s coherent states do
indeed form a family of coherent states. It is straightforward to show that the states
are normalized. To prove that they possess the third property in Definition [3.0.1] let
cp = h™" and use the Parseval-Plancherel theorem, performing the integral over p before
the one over ¢q. To show that they have the first and the fourth property, one can show
as an intermediate step that

(@0 Ul ) [* = — ¢ (la=a'P+p—p'*) /21

3.1 Modifying Schrodinger’s states

The above family of states is defined on the phase space associated to the configuration
space R”. We would like to construct a family of coherent states (¢") associated to the
phase space T*() =2 R" x Q of an arbitrary domain 2 C R".

Since we are interested in the dynamics of the system, we want to be able to study
the time evolution of these states, so we must demand that ¢ € D(H ), where H is a
self-adjoint extension of the Hamiltonian H = —A with domain D(H) = C§°(Q2). In
the case of ) = R, the Hamiltonian is essentially self-adjoint, and its unique self-adjoint
extension has domain H?(R), which clearly contains the family (¥").cassex of smooth,
rapidly decreasing functions.

However, if Q is not all of R, for example if Q =]0, 1], then the domains of the self-
adjoint extensions of H consist of functions satisfying certain boundary conditions, and
Schrodinger’s states (after normalization with respect to ||-||2(q)) will in general not meet
these boundary conditions. Nevertheless, these states can still be of use to us, although
we will have to modify them slightly, and weaken the definition of a coherent state as
stated in In particular, property (3) listed in this definition will not be satisfied for
a fixed A, but will be recovered in the limit 7 — 0.

Let us proceed by constructing the modified states for the case Q = I :=]a,b[, with
a,b € R, a < b, and we identify its phase space M with R x I. First, choose a bump
function y € C§°(R) with the following properties:

1 |z < 1,
x(z) = €l0,1[ |z] €]1,2],
0 |z| > 2.

Next, let a: X x M —]0, 00] be a continuous function such that:
(1) For each z € M, we have a(h, z) T oo as h | 0;

(2) For each z € M, we have

hle ") 2 g as B | O;
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(3) For each h € X and each polynomial P € C[q, p|, we have

P(-)e "0 € LM, ).

In view of the second and the third property of a and Lebesgue’s dominated convergence
theorem, we have

h—0

lim A~ / dur(2) P(z)efhfla(h,z)ﬂﬂ —0.
M

An example of such a function « is given by a(h,z) = (|p| + 1)"*h~'/*, where the
set X is of the form ]0, §[ for some small number 6 > 0. For each h €]0, 1] and for each

,q) € R x I, define the function ¢! . : R~ C,
(p,q) (p.q)

z = x((h, (p,q) - (x = q)) - U, (),

and note that this a compactly supported, smooth function, hence the function is square
integrable. Moreover, \Ifhp 9 is a nowhere vanishing smooth function, so on every compact

subset of R, its absolute value is bounded from below by a positive constant. Now

fi
(,9)

note that the function gb?p o 18 equal to ¥

——~——

on a compact neighbourhood of ¢, so
||¢?p7q) |L2(r) > 0 and consequently, we may normalize the function:
ho o gh (=L b
00 = 1960 | L2 P o)

Thus we have constructed a family of compactly supported, smooth, normalized functions.
However, we only want to keep the functions whose support is a subset of I, so we define
the set

S = {(h,z) €]0,1[x M : supp(¢") C I},

and for each h €]0, 1], we define
My :={z€e M: (h,z) € S}.
The next lemma establishes some properties of these functions:

3.1.1 Lemma. The family of functions (qﬁg)(m)es defined above has the following prop-
erties:

(1) For each (h,z) € S and each self-adjoint extension H of H, we have 0% 2y =1

and ¢! € D(H).
(2) Myt M as hl 0. Moreover, My, is open in M for each h €]0,1].
(8) For each (h,z) € X x M, we have ||¢} — U1 12@) < QeI ah2) /2
Proof.
(1) For each (h,z) € S, the function ¢” is compactly supported and by definition of S,

its support s a subset of 1, 5o [[¢"]lz2) = 612 and ¢! € C§2(1) = D(H), which
implies that ¢ lies in the domain of every self-adjoint extension of H.
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(2) Fix z = (p,q) € M. Then a(h,z) 1 co as h | 0, so there exists an i > 0 such that
a(h,z) - (a —q) < =2 and «a(h,2) - (b — q) > 2, which implies that supp(¢") C I, so
z € My. In addition, if 0 < &' < A, then «(F/,z) > a(h, z) and consequently, z € M.
We conclude that M, + M as h | 0.

To prove the second assertion, fix (%, (p, ¢)) € S and let d be the distance of supp(qﬁ’(ip,q))

to {a,b}. These two sets are compact and disjoint, so d > 0. The function « is continuous,

so the function
M—=R, (,q¢)~alh@,q)"

is continuous at (p, q). Hence there exists a 0 > 0 such that
la(h, (p,q) ™" = alh, (¢, ¢)) | < d/4,
whenever ||(p,q) — (¢/,¢')|| < J. Since supp(x) = [—2,2], we have
2a(h, (p,q))~" +d = min(q — a,b — q).
But then for each (p',¢') € M such that |(p,q) — (¢, ¢')| < min(d,d/2), we have
alh,(p.d)) " < alh, (p,0) 7" +lalh (p,0) " — alh (0, ¢) 7| < a(h, (p.@) " +d/4,
and |¢ — ¢'| < d/2, so
2a(h, (1, q) " < 2a(h, (p,q))~" +d/2 = min(q — a,b — q) — d/2,

and hence
2a(h, (p',¢"))"t < min(q¢ —a,b—¢),

which implies that supp(gb’?p,yq,)) C I and hence (p/,q') € M;. Thus My, is open.

(3) Let (h,z) € S, and write (p,q) = z. First, note that
142 — 2132 = /R Wi @)]* - (1= x(a(h, 2) - (x = )))* do
= (mh

)12 /R ef(wfq)z/ﬁu —x(a(h,2) - (x —q)))* do

—a(h,z)’l 00 )
< (mh)~1/? / +/ e "M dx
—o0 a(h,z)—1
—h120(h,2)1 () )
=g 1/2 / —|—/ e " dr
—00 h=1/2a(h,z)~1

0 0o
_ 71_—1/2 </ 6—(r—h*1/2a(h,z)’1)2 dl’+/ e—(:L‘-&-ff1/201(71,,2)’1)2 d.’E)
. 0

— _p-1 -2 a2 —1/2 —1
S 1/26 h~ta(h,z) /6 o 2|x|h a(h,z) dr
R

< 7T1/2€h_1a(h,z)_2/e:p2 dr
R

_ eff‘fla(h,z)’2 )
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Next, we remark that

1621 2y < 12Nz - Il = 192 ] o) = 1,

SO
0 <1~ [l¢t 7@ = IWEZ2m) — 62172 m)

:14wzmﬁwl—ﬂmma‘w—mfwm

The final integral in the expression above is very similar to the one in the first step of
the estimate for [[¢/! — ¢1[|7, ). The functions

(1= x(a(h2) - (z = )))*, and 1 — x(a(h, 2) - (z — )%,

are both smooth functions of x that vanish on the same compact neighbourhood of ¢ and
which are bounded with sup-norm 1, so it is not hard to show that

1 [|gh]|2 oy < e e,
This yields

L= |8 72 )

16" = ¢l 2@y = 1 — |02l 2y = =
1+ |00 2wy

<1- H¢Z||%2(R)

< efh_la(h,z)_2

— )

so by the triangle inequality, we have

167 — ¥l 2y < 6% — D2llramy + 102 — &2l raqwy
< e*)‘z_loz(h,z)_2 +67h_1a(h,z)_2/2

< 2675_1(1()‘1,2)_2/27

as desired. ]

Now we will see to what extent the family of states (¢§)(h,z)e s satisfies the properties
listed in Definition B.0.11

3.1.2 Proposition. The family of states (¢")(..)es has the following properties:
(1) For each h € X, the map My — L*(I), z — ¢" is an injection.
(2) For each z € M and each h € X, we have ||¢"|| 2y = 1.

(3) For each normalized vector ® € L*(I), we have

i~ [ dyan(2) (6, D) = 1.
M

h—0
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(4) For each z € M and each f € C°(M), we have

im0 [ dpaw) (0 o = 1(2)

h—0

Proof.
(1) Let h € X let (p,q),(Y,¢),€ My, and suppose QS’Zp,q) is equal to gb(hp/’q/) almost

ho _ h : : hoo|2
(o) = ¢(p,’ ) because the two functions are continuous. Now |¢(p’ q)]

everywhere. Then
attains its maximum at ¢, and similarly, |¢?p, q,)|2 attains its maximum at ¢’, so ¢ = ¢'.

This also implies

d ——— d
() () D) (@) a=g = == (18, ()]*) la=¢ = 0,

while on the other hand,

d —— d ———
() () D) (@) |amg = (V) ) (@)W ) (2)) o=

x
1

_ o\ ip—p")q/(2h)
h(p p'e ,

so p=p'. We conclude that the map M; 3 2 — ¢ € L?(I) is injective.

(2) This is part (1) of Lemma [3.1.1]

(3) We will divide the proof of this part into three steps:

(I) Let ® € L*(I) and assume that @ is normalised. By abuse of notation, we will
use @ to denote (i) an equivalence class of functions, (ii) its extension by 0 to L*(R),
and (iii) a representative R — C of this class. Then the function R* — R given by
(¢, ) — e~ |®(2)|? is an element of L'(R?), and by Fubini’s theorem,

7r_1/2/ e_q2|®(x)|2 d)\:W_l/2//6_q2|CI)(l‘)|2 dgdr =1,
R2 R JR

where )\ is the Lebesgue measure on R?. For each h € X and z € R, let
1[h*1/2(xfb),h’1/2(zfa)] R — R,

be the characteristic function of the interval [h='/2(x —b), h='/2(z—a)]. Then the function
from R? to R,

2

(¢:%) = Y120y 172 (0—a))€ ()],

is integrable, and by Lebesgue’s dominated convergence theorem, we have

. —1/2 —q? 2 _
;lil_rf(l)ﬂ' /R2 ]_[h—1/2(x_b)7h—1/2(z_a)]€ 1 |(I)(l’)‘ d\ = 1,

52



since the essential support of ® is a subset of |a,b[. Also note that
7T_1/2 /bR2 1[h_1/2($—b),h_1/2(w—a)]€_q2|q)(x)|2 d)\

=12 / / L7 gc—b),irl/Q(a:—a)}67(]2’q)(m)‘2 dq dz

h=1/2(z—a) )
e [ et dgds
h— 1/2
= (wh)~/? / / e’qQ/h\q)(x)qud:c
R J(z—b)
b
:(wh)‘l/Q// e~/ (2)|? dg da
RJa
b
= (wh)~/? / / e~ @00 P ()2 da dg.
a R

Defining the function f;‘: R — C by

fh(l‘) (Wh) 1/4 —(z—q)? /2h’

q

for each ¢ € I and h € X, we conclude that

b
. h
}Qfé/ 1/l 2 dg = 1

(II)  Next, consider the inner product (\Il(p 2" ®) 12(1y, which is equal to (‘Il’(ip’q), Q) 12(m),
again because the essential support of ® is a subset of I. Writing out the inner product
explicitly reveals that (up to some constant factors) it is the Fourier transform of the
function f;‘ with respect to z, i.e.

(o,

D,q)?

(I)>L2(]R) = 6ipq/2h]:(f?)(p/h)a

where F(fI')(p/h) is the Fourier transform of f]' with respect to z evaluated at p/h.
We have f? € L*(R), so by the Parseval-Plancherel theorem, the function R — R,
P |<\I/?p7q), ®)2r)|? is square integrable (for fixed ¢), and

(2nh) / (U, ) g dp = (20h) / F(M /)2 dp

— (2m)! / FM )P dp

=M 2wy

From (I), we know that the function ¢ — || f/|| 12w, is integrable, so by Tonelli’s theorem,
the function R* — R, defined by (p,q) — |<\I/’(Llp7q), ®)2g)|? is an element of L'(M, pur),
and by Fubini’s theorem, we have

/ (0", ®) g2 2 dpas (= / 12 das
M
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from which we infer that

lim/ (" @ 2 dug(z) = 1.

h—0

(III)  All that remains is to replace the functions ¥/ in the previous equation with
the functions ¢”. First apply the triangle inequality and the Cauchy-Schwarz inequality
together with part (3) of Lemma to obtain

1002, ) g2 |* = (6, ) 2 |
= (@, U1) L2y (W2, @) L2y — (@, 0L) 12y (01, @) L2y |
= |<q) \Ijh>L2( )<\I/h_ : , P2 |<‘I)=‘I’h ¢h>L2 < (I)>L2(]R)‘
< 2||\I/h ¢h|| 2(®) < 4e—h*1a(h,z)*2/2'

From this, we deduce that the function z — [(¢", @) 2(p|* is an element of L' (M, pur),

and that
'h-l [ 1 () =17 [ G0k @i i)

/ (TR, B a2 — (0, B x| dpas(2)
< an! / e a2 gy ()
M

The expression in the last line converges to 0 as A — 0, so

Jim (hl/ (UL, @) oy |* dpur (= / (2, @) Loy | dpur (2 )) =
—0 M

Together with our result from (II), this implies

lim A~ / | z’ L2(I)| d,uL( )— 1

h—0

as desired.

(4) Let f € C%(I) and let z € M. f is continuous and has compact support, so f is
bounded, and by part (2) of Lemma [3.1.1] there exists an iy € X such that z € M,
and supp(f) C My,. Using part (3) of the same lemma, the triangle inequality and the
Cauchy-Schwarz inequality, we obtain

(@, &%) 2 ” = (00, W) oy |
<¢Z}a ¢E>L2(R)|2 — (WL, WD) oy
‘ Cbh )2 (R)( ¢E>L2 <\I’Zaqu>L2(R)<\Ijg \DZ>L2(R)}
< (¢l ¢E>L2(R (97, ol — ‘I’h>L2 ® |+ (B, @) 12y (@ — W2, W0 oy |
+ (@, @ — WD) Loy (U2, WD) 2wy 4 (0], — Wl U1) oy (W2, WE) o )]
< (e M a2 a2y

?
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for each h such that z,w € Mj. Thus for each h < hy such that h € X, we have

’ﬁ_l/ dpur(w) f(w)!<¢f;,,¢,’2>m>|2—h‘1/ dpug (w) f(w)[ (W0, U1 oy |
My, R2

< [ dustw) )] (16 6B P~ [ W
supp(f)
< 4h—1||f||Loo(M) (/ e~ hta(hw)=?/2 dpr(w) + pr(supp(f)) - e—hla(h,z)2/2> '
M
The last line converges to 0 as A — 0, so

. <h1 /M dpr (w) f (W)L, ") g |> — h7! /R2 dpp(w) f(w)!<%>‘1’i’>L2(R)\2) = 0.

h—0

One of the properties of Schrédinger’s coherent states is that

lim 7! / dun(w) F@)[Wh, ) o P = £(2),

h—0
hence
im0 [ dug(w) £ (0,68 o0 P = £(2)
h—0 M,
which is what we wanted to show. |

3.2 Expectation values of position and momentum

Proposition [3.1.2] suggests a quantization procedure Q; on M much like Berezin quanti-
zation on T*R"™. To a function (the classical observable) f: M — R, we associate a linear
operator Qp(f) on some Hilbert space H, where the operator is uniquely determined by

@) =17 [ dn(2) FIGL B 2o
Since we are interested in the dynamics of the system, a question that naturally poses
itself is what operators this new quantization map associates to the classical observables
of position and momentum. We will see that the expectation values of these observables
are well-behaved in the limit A — 0 in the sense that we recover the ‘usual’ expectation
values.
Let us start with the classical observable position, given by the function

fM=RxI—=>R, (pq) +—q.

Since I =la, b] is a bounded interval, the function f is bounded as well, and || f|| () =
max(|al, |b]). This is a very convenient property, as it implies that the equation above
makes sense for each @ € L?(I), unlike the case I = R. Recall that in quantum mechanics,
the expectation value (z) of the position is given by

(z) = /ab:c]q)(:z:)\2 da.
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3.2.1 Proposition. Let ® € L*(I). Then for each h € X, the function M — R, given
by
(p7 Q) = q|<¢?p,q)7 ®>L2(1)|27

is an element of L*(M, ur), and we have

b
iliimhl/ dpr(p,q) 4l (el 0 P2 :/ o|®(x)|* dx.
—0 M a

Proof. We already argued in the proof of part (3) of Proposition that the functions

(p7 Q) = |<\Ij?p,q)7 (I)>L2(I)|27 and (p7 Q) = |<¢?p,q)7 (I)>L2(I)|27

are elements of L'(M, ur). The function M > (p, q) — ¢ € I is continuous and bounded,
so the functions

(P, @) = al(¥0, ), @2 |*, and (p,q) = ql{¢(, > P2 |,

are also elements of L'(M, j1). One can show in the same way as in said proof that

b
W dnao0) (W @ = ()2 [ e e M do dg
M a R
b b
= [ [ e ) de g

Reversing the order of integration and performing the substitution s = ¢ — x yields

b b
()2 / / ge~ M P()? di dg
(7h) 1/2// (z + s)e /"D (x))? ds dx

h 1/2 b ZE
e [ e e o
h—

1/2(1 I

Now note that

W12 (b—z) b W12 (b—z) )
_1/2/ / = |® ()| ds da::ﬂ_l/Q/ x|d>(:v)|2/ e % dsdx.
h=1/2(a—x) a h=1/2(a—zx)

Taking the limit A — 0 yields

B2 (b— x) b
lim 7 / / = |®(z)|? ds dz = / z|®(x)|* dz,
h—0 h=1/2(a— x) a
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by dominated convergence and the fact that fR e’ ds = /7. Furthermore, note that

1/2b x

R2se% |®(2)|? ds dx

h=1/2(a—x)
1 h=1/2(b—x)
/ — [6_52} |®(x)|? do
a 2 h=1/2(a—x)
"1 2 2
/ 5 (ef(afx) /h_ o= (b-2) /h) ()2 dx

b
S hl/Z/ % (|6—(a—x)2/ﬁ‘ + ‘6_(b_z)2/h|> ’@(%)'2 dx

< 51/2’@“%2(1)

_ hl/?

_ h1/2

hence
12 (b—x)
lim 70~ 1/2/ / BY2se=" | ®(2)|? ds dx = 0.
h—0 - 1/2 a x

Thus

—1/2(b—zx) ) b
lim 1/2/ / (2 + H/28)e= | ()2 ds dxz/ 2| ® ()| dr,
h— a

h—0 1/2((1 )

and therefore,

b
hmh_l/Md,uL(p7Q) Q|<\I/Z),q)7<b>lz2(1)|2:/ :L’|(I)(I)|2 dz.

h—0

One can now apply part (3) of Lemma in the same way as in the proof of part (3)
of Proposition to deduce that

h—0

b
limh_l/ dur(p,q) q|<¢?’p7q),¢)L2(1)|2=/ z|®(2)[? d.
M a

[ |
Note that the limit A — 0 is not uniform in ®. We do, however, have the following result:

3.2.2 Proposition. Let (py,q0) € M. Then

lim 72" /M dur(p, q) CI|<¢?p,q)7 ¢?p0,q0)>L2(I)|2 = qo-

h—0

Proof. Slightly modifying the proof of Proposition |3.2.1) one can show that

b
lim ™! /M dpir(p, 9) 410,00 Hlpo.ao)) 220 |* = / |&po.a0) | dr = 0.

h—0

In particular, we remark that

=12 (b—z) , b .
. —s h 2 2 _
,%g%ﬁ / /h 12(a—) xe |¢(Po#10)| ds dx — /a x|¢(p07qo)| dr =0,
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since the support of (bh o) 8ets smaller and smaller as h — 0. Moreover, by the Cauchy-
Schwarz inequality and part (3) of Lemma we have

b b
/ x|\I/ (po,q0) ’2 da:—/ :E‘qﬁ)(izao,qo)‘2 dx

< max |a| ’bD/ H\prmqo |¢(po,qo)|2 dx

< max(lal, P10 g0 + 100000 220 ¥ .00 — ¢?p0,q0)HL2
< max(|a|, |b|)(||\Ij (po,q0) ||L2(I) + H¢?po,q0)|||L2 )H\Ijhpo,qo - po qO)HL2
Amax(|al, |b|)e " @D /2,

The last line converges to 0 as h — 0, so

b
. 2 2 _
;Ll_r)% </ x|\1l(po q) ‘ dx_/a x|¢ (po, qo)| dx) =0.

Finally, we have

b b
— —(x— 2
/ x|\If(p0 ) ‘2 dx = (h) 1/2/ e~ Ol gy
b 2
7T_1/2/ (hY%s 4+ qo)e™ da

1/2(b=q0)
— 1712, * e~ ds + 1W71/251/2(€*(a7qo)2/h — e*(bfqo)2/ﬁ)_
h 2

*1/2(a—q0)

The last line converges to ¢y as h — 0. Putting these results together, we obtain

lim 72" /M dpr(p, q) Q|<¢?p,q)7 ¢?p0,q0)>L2(1)|2 = qo,

h—0
which is what we wanted to show. [ ]

The other important observable of our system is of course momentum, which corresponds
to the function (p,q) — p. Unlike position, momentum is not a bounded function, which
forces us to restrict the class of functions among which we can consider the expectation
value of the momentum. Recall that in quantum mechanics the expectation value (p) of
the momentum is given by the formula

b
(p) = —ih / & (2) () da.

3.2.3 Proposition. Let h € X, let ® € H}(I). Then the function M — R, given by
(p,q) — p[(qﬁ?pgw Y2 |?, is an element of L'(M, pr), and we have

b
i h? [ dian(p.0) (6l B~ [~ ()8 do =0,
M a

h—0
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Proof. First, we consider the function f2: M — R, given by

(p,q)HpK‘Ifh 00 P2 = Pl 0 @) 2w -

Here we remark that by part (4) of _, the extension of ® by zero is still weakly
differentiable, and that its weak derivative is square integrable. Now note that

P, 0 @) 2wl
= (nh) "2 pF (e~ =2 (p/h) F (e~ @=07/2h0) (p/ )

= (o) (i ) ) (o TR )

R O C SR N e !

where F is again the Fourier transform with respect to x. But the last line is a product of
two Fourier transforms of square-integrable functions, so the function p — p|( (.0)’ ,P) 2wy ?

is integrable. Let B > h be a constant such that |(¢ — z)e”#~9"/?"| < B for each € R
and each ¢ €la,b[. Then by the Cauchy-Schwarz inequality, the Parseval-Plancherel the-
orem and the triangle inequality, we have

(2h)~! /R PHTE  ®) ey 2| dp

F (cine- 520 +.0))
F(e=(@=a*/2h) (p/h)

(7h) P B(||®| z2r) + 9]l 2 )| @]l 2Ry

2(mh) 2B @ i (1 |9 21y

() (k)2 /]R dp

<
<

Hence ,
(277:6)_1/ / | faldp dg < 2(mh)™2(b — a)B||®| g1 || @[ 221y
a R

so by Tonelli’s theorem, f2 € LY(M, uy), and by Fubini’s theorem,

h? / dpr(p, q) pl(¥] @L%R)!za

—je~(@=a)?/2h (q ‘T(I)Jr@) (p/h)
T 7T 1/2
= () (k) / / (x=0)2/209) (p/h) ) i

J’_' <_Z'6—(3:—q) /2h (q;lzq) + @/))
o * F(e ==0*/2hg)(0)

b — —
= (nh)~V? / F (—@'e—@—‘ﬂg/ﬁ (%@ + c1>’) <I>) (0) dg
~1/2 q— =
(h) // <Tq>+q>)q>dxdq
= (Wh)_l/Q/ / —je~ @ 0*/h (q ’ ') ® dx dq.

29

= (2m) ! (wh)~"/? dg




Reversing the order of integration and substituting s = h='/2(¢ — z), we find

(mh) 1/2// (e=9) /ﬁqh | (2)|? da dg

/2 (b— x) )

i(mh) 1/2// e ds|®(z)|* dz
h=1/2(a—x)

—i(nh)” 1/2/ 5 (e (a— 1)2/h_67(bfx)2/h> ()2 da.

Because ® € Hj(I), we have ®(a) = ®(b) = 0, and from the Cauchy-Schwarz inequality,

it follows that
/ P'(s) ds

for each € I, where 1, ,) denotes the characteristic function of the set [a, z]. Similarly,
we have |®(z )|2 < ||<I>’||L2(I (b — ). Hence

2
< H‘I)/H%?([)(f —a),

2

|@(x)|* =

b
/ (D/(S)l[a’z] (S) ds

b b
/ e*(a*m)Q/h|CI>(a:)|2 dr < HCI>/||%2(I)/ ef(afx)Q/h(:U —a)dx
1 o]t 1 Clha)?
= =S [y | = Shl gy (1= e ).
Similarly, we have
b
1
/ e (@) dr < SHI| 2y (1 - e—<b—a>2/ﬁ) ,

SO

b rb -
(Wh)*l/Q / / _Z-ef(a:fq)2/h¥’@(x)‘2 dr dq‘ < Wfl/zhl/zuq)/ué(l) (1 _ ef(bfa)2/h> _

The right-hand side of this inequality converges to 0 as A — 0, so

lim(7h) 1/2/ / —je (@9 /ﬁqh |®()|* dz dg = 0,

ﬁ~>0

and therefore

g%(h-z /M PIWh 0, ®) 1o 2 i (py ) — (wh) ™2 / / @0 g @ ><I><w>da:)=o.

One can use the same approximation as in the proof of part (3) of Proposition to
show that

b b
ing (172 [ oAl ®)i200 dus )~ (a2 [ [ it g 0@yt ) = o.
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The second integral in the above expression can be written as

L2 (b—z) )
_1/2/ / —ie”* ds @' (z)®(x) dz.
h=1/2(a—1)

Thus it remains to be shown that

12 (b—a) b
lim 7 / / —ie™ ds @' (2)®(x) dx — / —i®'(2)®(z) dz = 0.
h— a

h—0 1/2 (a—x)

Now fix ¢ > 0. Then by Lebesgue’s dominated convergence theorem, there exists an
r > (0 such that

/ ¥ (2)B(@)| dz < £/2,
I\[a+7r,b—r]

and by the same theorem, we can find a § €]0, 1] such that for each h € X with & < 4,

we have
h=1/2p b—r
) _
(1 - 7r_1/2/ e ® ds) / |®'(2)® ()| dx < €/2,
—h—1/2p a+r

I/Q(b :E . b _
‘ —1/2/ / —ie=" ds ' ()P () dv — / —i®'(x)P(z) dx
ﬁ a

1/2a I

1/2(l7 w) ,

/ _1/2/ e ds—1| P (z)®(x)dx

a h=1/2(a—x)

~1/2,,

(1 _1/2/ e ds) (/ |®'(x |d$)

h—1/2p
<[ e
I\[a+7,b—r]

1/2

h=t/%r b—r
+ (1 a2 / e ds> / 1 (2)3(2)| da
—h=1/2p a+r

<eg/2+4¢/2=c¢,

SO

<

We conclude that

h Y2 (b—a) b
lim 7~ 1/2/ / —ie™" ds &' (2)®(x) dz — / —i®'(2)®(x) dz = 0,
h— a

h—0 1/2 (a—z)

and this completes the proof of the proposition. [ |

3.2.4 Remark. When the domain ) is the real line or more generally, {2 = R", rather
than a bounded open interval, then the theory of coherent states yields much stronger
results. For instance, if f € S(R*") is a function on the phase space R*" = T*R"  and
t — f; is the classical time evolution of that observable, with f, = f, then for each
(po, q0) € R?™, we have [12, p. 477]

i 7" [ s (5.0) S .0 (Wl s VOVl ) = i, 0)
R2n

h—0
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The reason that the convergence properties of Schiodinger’s states on R™ are much nicer,
is probably due to the fact coherent states typically exist on locally compact topological
groups (cf. [I]). In the present case, Schrodinger’s states are defined on the locally
compact group (R",+). Upon restriction to a proper open subset of R", as we did above,
one loses this group structure.

3.3 Time evolution of the coherent states

Having constructed good approximations (¢7&’ q)) to classical states, we wish to study their
dynamical behaviour, that is, we want to find the solution ¥ to the Schrodinger equation
with initial condition ¥(z,0) = ?n o (@) for each « € I. To do so, we will follow the usual
method: first, we solve the time-independent Schrodinger equation, i.e. the eigenvalue
equation for a specific self-adjoint realisation H of the test Hamiltonian H with domain
C°(Ja, b]). This will allow us to explicitly compute the unitary evolution group (U(t))er
associated to H. Subsequently, we apply the unitary evolution group to the initial state
?p, o (@) to obtain the solution to the Schrédinger equation.

Our first objective is to show that the normalised eigenfunctions of any self-adjoint
realisation H constitute an orthonormal basis of L?(]a, b[). It turns out that the essential
spectrum is a useful tool.

3.3.1 Definition. Let H be a Hilbert space, and let T" be an operator on H.

e The resolvent set p(T) of T is the collection of complex numbers A € C such that
T — M is an isomorphism from D(T') onto H and (T — AI)~! is a bounded operator
on H.

o The spectrum o(T) of T is the set C\p(T).

e The essential spectrum oes(T') is the set consisting of all A € C such that either
A is an eigenvalue of T" with infinite multiplicity, or for each € > 0, there exists a
w € o(T)\{A} such that |A — u| <e.

3.3.2 Remark. It can be shown that p(7") is open (cf. [4, Theorem 1.5.12]), and conse-
quently, o(T) is closed, so gess(T) C o(T).

Another useful fact about the essential spectrum is given by the following proposition,
which can be found as Theorem 11.6.6 in [4]:

3.3.3 Proposition. Let H be a Hilbert space, let T' be a closed, hermitian operator on
H and suppose that Ty and Ty are two self-adjoint extensions of T such that

dim(D(T})/D(T)) < oo, dim(D(Ty)/D(T)) < .
Then O-ess(fl) = oess(fg).

Now we come to the reason for introducing the essential spectrum. The following theorem
can be found as Theorem 11.3.13 in [4]:

3.3.4 Theorem. Let ‘H be a separable, infinite dimensional Hilbert space, and let T be
a self-adjoint operator on H. Then the following are equivalent:
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L4 Uess<T) = @;
e H has an orthonormal basis ((bj);?‘;l of eigenvectors of T such that the corresponding

set of eigenvalues (\;)52, satisfies |\;| — 0o as j — oc.

We are now ready to prove the following result:

3.3.5 Theorem. Let H = D? D(H) = C5°(Ja,b]) be the test Hamiltonian of the free
particle on the interval |a,b[, and let H be a self-adjoint realisation of H. Then there
exists an orthonormal basis (¢;)52, of eigenvectors of H such that the corresponding set

of eigenvalues (E;)22, satisfies |Ej| — 0o as j — oo.

Proof. Let Hperiodic be the realisation of H corresponding to periodic boundary conditions.
Its eigenfunctions are the exponentials

(b _ a)fée%rika:/(b*a)’ keZ.

It is known from elementary Fourier analysis that these functions constitute an orthonor-
mal basis of L*(]a, b[), and it is readily verified that the corresponding eigenvalues diverge,
so by Theorem [3.3.4] it follows that oess(Hperiodic) = 0.

From Theorem we know that for each self-adjoint realisation H' of H , we have

dim(D(H') /D Huin)) = dim(G(H') /G( Huin)) = 2.

so Proposition yields a(f[ ) = Oess(Hperiogic) = 0. Applying Theorem with
T = H gives the result. |

Using the above theorem, one can show that the unitary evolution group (U(t)):cr asso-
ciated to H satisfies

Ut)Y o= e ipie;,
j=1 J=1

for each t € R and each square summable sequence (11;)52; of complex numbers. If we
incorporate the factor A, then the equation becomes

Ut)> pig =D e "nillue;,
s =1

where the subscript A in Fj, ; indicates that the eigenvalues of the Hamiltonian H= %D2
depend on h.

Before we use this result to compute the time evolution of ¢?p o (@), we need one more
fact:

3.3.6 Proposition. Let H be the test Hamiltonian of the free particle on the interval
la,b]. If ¢ € D(Hpax) is an eigenfunction of Hyayx, then ¢ € C*([a,b]).

Proof. We prove by induction on n that ¢ € H?**(]a,b[). To prove the statement for
n = 0, we simply remark that ¢ € L*(]a, b[). Now suppose that the statement is true for
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some n € Ny. Let E be the eigenvalue of ¢, so that D?¢ = E¢. Applying the operator
D?" on both sides of the equation (in the distributional sense), we obtain

Honax(D?"¢) = D*™(Hppaxd) = ED"¢ € L%a, b].

We have seen in Example that D(Hpax) = H?(Ja,b]), so D*"¢ € H?(]a,b|), which
is equivalent to D**2¢ D*"*1¢ D?"¢ € L?|a,b[. Since ¢ € H?"(|a,b]), it follows that
¢ € H*™D(Ja,b]). This completes the induction. Applying part (2) of Theorem [1.2.4]
yields ¢ € C*"~1([a, b]) for each n € Ny, hence ¢ € C*([a,b]), as desired. [ |

3.3.7 Remark. The above proposition can be generalised to domains in higher dimen-
sional spaces and second-order elliptic operators of which the coefficients satisfy certain
smoothness conditions. However, eigenfunctions of these operators are in general no
longer smooth at the boundary. For details, we refer to [5], sections 6.3 and 6.5.

The previous proposition tells us that we may interpret the derivative in the eigenvalue
equation

d2
_ " b=EFE
d[L‘Z ¢7
or, including the constant h and the mass of the particle m,
h? d?
" b=F
2m da? ¢,

as ordinary derivatives. But from the local existence and uniqueness of solutions to
ordinary differential equations, it follows that for fixed E, the above equation has the
general solution
Aeiﬁz/h + Bei\/mz/h E > 0’
o(r) =1 Ax+ B E=0,
AeV=2mBe/h 4 pevV=2mEa/h | < (),

where A and B are constants determined by the values of ¢ and ¢ at a chosen point.

According to Theorem m the absolute values of the eigenvalues (Fj;)52; of the
Hamiltonian diverge as j — oco. We can even say a bit more. First recall the following
fact:

3.3.8 Lemma. Let I C R be an interval, let m,n € N with m <n, and let f: I — R be
a function that is m times differentiable. If f has n zeroes, then f'™ has at least n —m
zeroes.

Proof. We prove the claim by induction on m. For m = 0, there is nothing to prove. Now
suppose the claim is true for some m > 0, and suppose that m+1 < n and that fism+1
times differentiable. If n = m + 1, then the induction step is trivial. Hence suppose that
m+1<n. Let 2y < 29 < ... < Zp_m be zeroes of f™ . It follows from Rolle’s theorem
that for j = 1,2,...,n —m — 1, there exists a y; €]x;,z;,1[ such that fm(y,) = 0.
Thus f(™*) has at least n —m — 1 zeroes. This completes the induction. [ |

3.3.9 Lemma. Let H = D? D(H) = C§°(] — 1,1]) be the test Hamiltonian of the
free particle on the interval | — 1,1[, and let H be a self-adjoint realisation of H with
ergenvalues (Ej);?';l, where the number of times that a single eigenvalue occurs in this

sequence s equal to its multiplicity. Then:
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(1) The set {j € N: E; <0} is finite.
(2) There exists a number M € N such that for each n > 0, we have

{j € N: E; > 0,\/E; € [nm,(n + D)7} < M.

Proof.
(1) Suppose that H is the self-adjoint realisation associated to the matrix

e (fl _g) e U(2),

as described in Example 2.3.80 Now let & > 0 be a real number, and suppose that
¢ = Ae'*® + Be=™** ¢ D(H). Then the following identity must hold:

(o o) = (@ ) Co i),

which ryeans that | B | |
(i) S0) ()= o &) () Si) (5),

and this equivalent to the statement that the following expression vanishes:
ewce_““(l + ]{) 4 (_ew(—leik _ e—ik)(l _ k‘) (_ez‘eae—ik _ eik)(l + /{) + ewceik(l _ /{7) A
(eiﬁde—ik _ eik)(l + k) + eiﬁaeik(l _ k) eiGEe—ik(l + k) + (eiedeik _ e—z’k;)<1 _ If) B/
There exist nontrivial A, B € R such that the above expression vanishes if and only if
the determinant of the matrix in this expression vanishes. It can be shown that this
determinant is given by
— 2™ (sin(2k — 0)(1 4 k)* +sin(2k + 0)(1 — k) — 4Im(d)k — 2Re(c) sin(2k)(1 — k?))
et (cos(0) + Re(c))k?sin(2k) — 2sin(6)k cos(2k)
N +(cos(#) — Re(c)) sin(2k) — 2Im(d)k '
Thus k2 is an eigenvalue of H if and only if

0 =(cos(#) + Re(c))k?sin(2k) — 2sin(6)k cos(2k)

(3.1) + (cos(8) — Re(c)) sin(2k) — 2Im(d)k.

Substituting & — —ik, we see that —k? is an eigenvalue of H if and only if

0 = — (cos(#) + Re(c))k*sinh(2k) — 2sin(6)k cosh(2k)

(3.2) + (cos(f) — Re(c)) sinh(2k) — 2Im(d)k.

Now suppose for the sake of contradiction that H has infinitely many negative eigenvalues
By, Ey, ..., and let kj := /—FE] for each j > 1. Then k; — 00 as j — oo by . On
the other hand, consider the function f: ]0, c0[— R given by
f(z) := — (cos(#) + Re(c))x? sinh(2x) — 2sin(f)x cosh(2z)
+ (cos(f) — Re(c)) sinh(2z) — 2Im(d)zx.
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The right-hand side of the above equation is a sum of four terms. For large values of z,
the absolute value of the first term will be larger than that of the sum of the remaining
terms unless cos(f) + Re(c) = 0. Since k; — oo as j — oo, this implies cos(f) = —Re(c).
Now we observe that the second term in the equation above dominates the expression for
large values of x unless sin(f) = 0, so sin(#) = 0, and consequently, cos(d) = £1. Finally,
since the first and second terms vanish, the third term will dominate the expression for
large values of z unless cos(f) = Re(c). But then we have cos(f) = Re(c) = — cos(6), so
cos(f) = 0, which contradicts our earlier observation that cos(@) = 1. Thus H has only
finitely many negative eigenvalues.

(2) For each n € N, let
M, = |{j € N: E; > 0,y/E; € [nm, (n + 1)7[}].

Looking at equation (3.1)), we identify the following cases:

e Re(c) = cos(f) = 0: In this case, the equation reduces to

0 = k(sin(@) cos(2k) + Im(d)).

The assumption cos(f) = 0 implies that sin(f) = £1, so k = 0 or cos(2k) = iﬁi% =
+Im(d). Thus for a fixed n > 1, the equation has at most 2 solutions in [n7, (n+1)7|.

Taking multiplicities into account, we infer that M, < 4.

e Re(c) = —cos(f) # 0: Now the equation becomes
0 = Re(c) sin(2k) + sin(0)k cos(2k) + Im(d)k.
Consider the function
x — Re(c) sin(2z) + sin(f)x cos(2x) + Im(d)x
on the real line. Its second derivative is given by
(3.3) x +— —4((Re(c) + sin(#)) sin(2z) + sin(0)x cos(2x)).

— If sin(f) = 0, then the second derivative has exactly two zeroes in [n7, (n+ 1)7]
for each n € N, so by Lemma the function can have at most four zeroes
in [nm, (n+ 1)x[, and therefore M, < 8.

— If sin(f) = —Re(c), then sin(f) # 0, and we can use the same argument has in
the case sin(f) = 0 to show that M, < 8.

— If 0 # sin(f) # —Re(c), then function in equation ([3.3]) vanishes if and only if

xsin(6)
Re(c) + sin(6)

(3.4) 0 = tan(2zx) +

Consider the functions f,,: |(m —1/2)7/2,(m+1/2)7/2[— R, m € Z, given by

x sin(0)

fm(z) = tan(2x) + Re(c) + sin(0)’
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with derivative

sin(6)

fn(w) = 2tan*(22) + 1) + o= m

These derivatives each have at most two zeroes, so f,, has at most three zeroes.
Hence equation has at most three solutions on |(m—1/2)7/2, (m+1/2)7w /2]
for each m € Z, and therefore, equation has at most five solutions in
|(m —1/2)7/2,(m 4+ 1/2)7/2[. Since

i, (n+ )7 = {(2n + 1/2)7/2, (2n + 3/2)7/2}

U U](Zn +5—1/2)7/2,(2n+j+1/2)7/2],

it follows that equation (3.1)) has at most seventeen solutions in [nm, (n + 1),
so M, < 34.

e Now suppose Re(c) # — cos(6). Equation (3.1) can be written as
0 = ((cos(f) + Re(c))k?* 4 cos() — Re(c)) sin(2k) — 2sin(#)k cos(2k) — 2Im(d)k.
Consider the function
z + ((cos(#) + Re(c))x? + cos(f) — Re(c)) sin(2x) — 2sin()x cos(2x) — 2Im(d) .
Differentiating this function twice yields

-+ (—4(cos(0) + Re(c))z? + 2(cos(#) 4+ Re(c)) — 4(cos(f) — Re(c)) + 8sin(#)) sin(2x)
+ (8sin(f) + 8(cos(#) + Re(c)))z cos(2x)
= (—4(cos(8) + Re(c))x® — 2cos() + 6Re(c) — 8sin(#)) sin(2z)
+ 8(sin(#) + cos(f) + Re(c))x cos(2z).

Define the polynomials p(z) := 8(sin(#) + cos(#) + Re(c))zr and ¢(x) := 4(cos(f) +
Re(c))x? + 2 cos(f) — 6Re(c) + 8sin(f). Then for each m € Z, the second derivative
of the function defined above is equal to 0 at = €](m — 1/2)7/2, (m + 1/2)7 /2] with
q(z) # 0 if and only if tan(2z) = p(z)/q(x). Observe that p is a polynomial of
degree 1, whereas ¢ is a polynomial of degree 2, so there exists an r > 0 such that

L (p(a)fa(a)

<2< 2(tan*(27) + 1) = %(tan(%)),

for each x € R with |z| > r and 4o + 7 ¢ 27Z. It follows from the mean value
theorem that for each m € N, with (m — 1/2)7/2 > r, there exists at most one
point in |(m — 1/2)7/2, (m + 1/2)m/2[ where the second derivative of the function
above vanishes, so the function itself vanishes at at most three points on this interval.
Consequently, equation 3.1 has at most eleven solutions on the interval [nm, (n+1)7|
for each n € N with n > r, and therefore M,, < 22. The number of eigenvalues E;
with square root smaller than r is finite by Theorem [3.3.5] so the assertion follows.
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To compute the time evolution of a modified state qﬁ?p’ g We must decompose it with
respect to the orthonormal basis (¢;)32, of eigenvectors associated to some self-adjoint
extension H of H = 52 D2 To do this, it is convenient to compute the time evolution
of the restriction of the corresponding coherent state \IJ( ;) to the given interval la, b[.
Because U(t) is a unitary operator for each t € R, we have

h h h
1U)(0p) = Ul llz2qasy = 166ng) = ClogllL2(asp-

In other words, with respect to the L?-norm on ]a, b[, the error is constant. The decom-

position of ‘If?p ;) With respect to the basis (¢})32, is given by

(3, 90, ) 12(ap) P} -
7=1
But if (p, ¢) € Rx]a, b], then for small values of £, the function \I/’(i o Will be exponentially
localised on |a, b[, so that we may approximate the coefficient (¢;, ¥ pq)>L2(}a b)) Dy the

inner product {¢;, ¥” )) r2(r)- Now note that qb? is a linear combination of two exponential

functions. In partlcular if the eigenvalue Ej of ¢; is positive, then the latter inner product
is a linear combination of Fourier transforms of \If?p 2 and since the state \Il?p g 18 a

Gaussian, it is (relatively) easy to compute these Fourier transforms explicitely. Let us
make these statements precise:

3.3.10 Theorem. Let m €]0, 00|, let D? be a self-adjoint realisation of D? on the interval
I:= [a,0], and let (k;)52, be a sequence of elements of [0,00[Ui[0, oo[ such that (—k7)52,
is the monotone increasing sequence of eigenvalues of D? in which the number of times
that a certain eigenvalue appears in the sequence is equal to its multiplicity. Furthermore,
let (¢5)32, be a corresponding orthonormal basis of eigenvectors of D?, with

- Aj7+eij + Aj’_e*ij kj 7é 0,
(b](ﬂﬁ) - { Aj,-‘r + Aj7_IL‘ k’j = 0,

and define the functions (5]);";1 b

5(37) o Aj7+€k7m + AL,E_ECE k‘j 7& 0,
J ) Aj,+ -+ Aj7,£[f k'j = 0,

For each h € [0, 00[, define the self-adjoint operator

~ h2 —
Hh = _D27
2m

and let (Up(t))ier be its associated unitary evolution group. Then for eacht € R and each
(p,q) € Rx]a,b], we have

lim <Uh(t>¢?p7q) _ (47Th)1/4eip(q+ip)/2hZaj(q + ip) hk? (1+zt/m)/2¢ > —0.

h—0
Jj=1

68



Proof. First note that by part (1) of Lemma m, D? has a smallest eigenvalue, which
justifies the existence of the sequence (k;)32; with the properties listed in the theorem.
We prove the theorem in five steps:

(I) Let c € C, let ¢; := Re(c) and let ¢o := Im(c). Then for each i €]0, oo, we have

/\Ph <x>ecm dr = (ﬂ_h)—l/4€—ipq/2h/ 6—(x—q)2/2h+clzei(p/ﬁ+cz)x dr
R

(p,q)
R

_ (Wh)_1/4€ipq/2h€(Z(cl+i62) / e—x2/2ﬁ+clx6i(p/h+cz)z dr
R
— (ﬂ_h)71/46ipq/2heq(cl+i02)ec%h/2 / ef(zfclh)Q/Qhei(p/h+CQ)x dr
R
_ (ﬂ_h>—1/4€ipq/2heq(c1+icg)ec%h/Qeiq(p—cgh) / €—z2/2h€i(p/h+02)z dr
R
_ hl/?(Wh)—1/4€ipq/2h€q(cl+i02)ec%h/2€ic1(p—czh) / e—x2/2ei(p/h+cQ)h1/2:c dx
R
_ (27rh)1/2(ﬂ_h)—1/4eipq/2ﬁeq(cl+icg)ec%ﬁ/Qeicl (p—cgh)e—h(p/h+cz)2/2

( A h) 1/4 ip(q-+ip)/2h ,c(q+ip) 6h02 /2.

Since e = e for each z € R, we have

<€cw’ \D?p,q)>L2(R) _ (4ﬂ_h)1/46ip(q+ip)/2h66(q+ip)GEEQ/Q7
SO
(3.5) (5, ‘I’?p,q)>L2(R) _ (47Th)1/46ip(q+ip)/2h€h52/2¢ﬁj(q +ip),

whenever k; # 0 or if k; = 0 and ¢; is constant. Moreover, using partial integration, we
see that

[ V(e = a) do = ey e [ (@ gt ngnie g
R R

_ (Wh)—l/4€ipq/2h\/xe—x2/2h€ip/ﬁx dr
R

= h1/2<77-h)1/46ip‘1/2h/x6w2/2€iph—1/29r dr
R

:iph(ﬂh)_1/4€iPQ/2h/e—$2/26i’ph1/2a: d
R

= ip(27h) (Wh)_1/4eip‘I/2he—p2/2h
= ip(dmh)Y/AetPlatir)/2h

SO

(@, W, V2@ = (q + ip)(4wh) !/ Aelat)/2h

which means that equation (3.5)) holds for each j € N. Since k; is either real or purely

imaginary, we have k_jz = k]z, so equation ([3.5) may be written as
ip(q+i 227~ .
<¢j7 ‘Ij?p,q)>L2(R) _ (47‘('77,)1/46 p(q+ p)/2hehkj /Q(bj(q + 2p>.
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(II) Next, we examine the difference (¢;, U7 oy 2®) — (@5, Y, ) 2. First, suppose

that ¢ € R. Then, we have
/ e—(x—q)2/2fi+cxeip:c/h dr S/ e—(m—q)2/2ﬁ+cx dr
R\ [a,b] R\[a,b]
— ch/ e—z2/2h+cm dr
R\[a—q,b—q]

— ecq+czh/2/ ef(xfch)2/2h dr
R\[a—g,b—q]

_ 6cq+02ﬁ/2/ e—x2/2fl dr
R\ [a—q—ch,b—q—ch]

— h1/26cq+52h/2/ 6—382/2 d[E,
R\[i=1/2(a—q—ch),hi—1/2(b—q—ch))

for each A > 0. Let

/ e~/ dx,
R\[h=1/2(a—q—ch),h=1/2(b—q—ch)]

and note that it converges to 0 as A — 0. Furthermore, using the estimates above, we
see that
/ (@02 /2 il i g | < / o (E-0)?/2h g,
R\[a,b] R\[a,b]

= h1/2/ e~e/2 dr,
R\ [~ 1/2(a—q),h=1/2(b—q)]

for each 2 > 0. Let us denote the expression in the last line by Cs 4, and observe that
limy_y0 A~Y/2Cy ., = 0. Suppose now in addition that |c¢| > |p/h| for some fixed value of
h € (0,00). Using partial integration, we obtain the following estimate:

/ 6—(w—q)2/2h€i(p/ﬁ+c)x dr
R\[a,b]

_ h1/2

/ 6—x2/26i(p/h+c)h1/2x d,I"
R\[2=1/2(a—q),h=1/2(b—q)]

172
[eﬁﬁ@(p/m)nl/zx]f (b=a)

“
h=1/2(a—q) R\[i~1/2(a—q),h~1/2(b—q)]

< (l¢| = |p/n))~" < (b=a)?/h 4 g=(a=q) /h+/

’ z?/2 d.??)
R\[i=1/2(a—q),i"1/2(b—q)]

=|c+p/n™! xe

279 4 1/2
z /2ez(p/h+c)h z dl"

Let us call the expression between parentheses in the last line (' ,, and observe that
lims_,0 U554 = 0. Finally, let us remark that

/ o (@—0)2/2h iz /h g
R\[a,b]

Call the expression on the right-hand side Cy  ,, and note that it converges to 0 as A — 0.

< hl/Q/ (h2|z| + |q)e ™2 da.
R\[=1/2(a—q),hi"1/2(b—g)]
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(11I)  In addition to the previous estimates, we require an estimate for the coefficients
A+ and A;_. If —ik; > 0, let ¢ := —ik;. Then, we have

b
1= H¢j“%2(1) = / |Aj "+ Aj e " du

b
A2 A2+ Ay Ao 4 A A, e B gy

= (b—a)(JA;+]* + [A;-|?) + (2ic) " [Aj 1 Aj_e™ ™ — Aj LA _e” ]

= (b= a)(|Aj4 [+ [A;- ) + (2ic)7F (A Aj - (7 — ) + A; L A _( “Rica _ o 2ichy)

=(b—a)(|4;+]*+|A;_|*) + ¢ 'sin((b — a)c)(Aj L A giclatd) 4 A LA e a+b))

> (0= a)(| A+ + [A- ) — 2714 || Ay - |

> (b—a—c (|4 +4;-P).
Thus, if ¢ > (b~ )", then 4,2+ [4; [ < (b~ a— ™)™, and hence (|4;.] +
|4 _)?<2(b—-a—c 1)*

(IV) Now we examine the series

(3.6) ZI@, o) L2®) — (05, Y0, ) 2 (n

From our estimates in part (II) and the triangle inequality, it follows that
Z ’<¢j7qj(pq)>L2 <¢J7 >L2(1)‘
jEN;k]‘>O
< 61@1\Q|+k%ﬁ/2 Z (|Aj,+|017h,q,k]' + |Aj,—|01,h,q,—kj)2-
JEN;K;>0

Note that the sums in this inequality are finite by part (1) of Lemma|3.3.9 and that the
right-hand side converges to 0 as h — 0 because C} 5, does so. Next, we note that

Z ’<¢]7\Ij(pq)>[z2 — (¢;, ¥ > (I)l2§ Z (’Aj,Jr’CZh,q""Aj,f’C4,h,q)2-
jEN;ijO jGN;ijO

The sums in this inequality consist of at most two terms, and the right-hand side converges
to 0 as i — 0. Now assume that p # 0. Fix hy > 0 such that [p|/hy > 2(b —a)™'. Tt
follows from part (2) of Lemma that there exist constants M > 0 such that

[{j € N: k; € i[|p[/ho + 1, |p|/h+ 1[}| < M/,

for each A > 0, so using our estimates obtained in (II) and (ITI), we deduce that

Z |<¢J7‘Ilpq)>L2 <¢]7 > (I)|2

JEN;K; €40, |pl/h+1]

< Yo (Al +14,-)Ch,

JEN;k; €i0,|p|/A+1]

< Cing | AM((0—a)h) ™ + > ([Aj+l+14;-D )

JEN;k;€i]0,|p| /ho+1[
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and the last line converges to 0 as A — 0. Finally, we estimate the part of the series
corresponding to the part of the sequence (k;)52, with |k;| > |p|/h+1 and h < hg. Again
by part (2) of Lemma |3.3.9] u there exists a natural number N such that for each n € N,
we have

{j € N: kj € illpl/h+n,|pl/h+n+1[}| <N,

SO
Y — (¢, ¥{ 24— ) NCE, Y
Z (&5, (p,q)>L2(R) (9 (p,q)>L2(I)| <4(b—a) 3,h,qZJ )
JEN;k; €if|p|/h+1,00[ Jj=1

which converges to 0 as i — 0. Thus for p # 0, the series in equation is well-defined
and converges to 0 as h — 0. The same statement holds true for the slightly easier case
p = 0, and is left to the reader.

(V) We are now in the position to prove the theorem. It follows from (IV) that
Z ¢]7 ql(pq L2 ) - <¢j7 \I]?p7q)>L2(I))¢j E L2(1)7

and that this element converges to 0 as h — 0. Hence the expression

o0

i i L 2 /97— .
D {05 Ul )12y = (Amh) PPN =260 + ip) gy,

j=1 =1
defines an element of L*(I), and

lim <\P?p’q) (4mh)'/4eiplatip) /252 LAEr oi(q+ip)o; > = 0.

h—0
7j=1

From part (3) of Lemma, , we know that limp_,o Qb?p,q) - vt

(pg) = U5 80

lim (% ) — (Amh)tteirlativ /2526% 26i(q + ip)¢; ) = 0.

h—0
7=1

If we apply the unitary evolution group (Uy(t)):cr to the expression within the limit, then
the L2-norm of that expression remains unchanged, and therefore

: i 7 2 it/m) /2 .
lim (Uh(tW o — (dmh)te pq”/%zehk (e /2¢j(Q+Zp)¢j> =0,

7j=1
as desired. [ ]
The formula
(3.7) (47rh)1/4€ip(q+ip)/2h Z ehkf(1+it/m)/2$j<q + ip)gbj,
j=1
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prompts the question whether it can be simplified for realisations of the Hamiltonian
for which there exists a ‘nice’ orthonomal basis of eigenfunctions (¢;)52, . The most
logical choice here would be to consider Hperiodic, the realisation corresponding to periodic
boundary conditions. However, even in this case, where formula becomes a Fourier
series, it still cannot be simplified. Thus we must resort to other means to study the time
evolution of our states gzﬁ?p’ 0 which we shall do in the next subsection.

It is worth noting that formula does tell us which energies determine the time
evolution of qﬁ@ g For each 7 € N, let

cj = (47Th)1/4 eipla+ip)/2h ehk?/QqS_j(q +ip).
Now consider a j € N such that k; is purely imaginary, and let x := —ik;. Then

l¢j| = (4mh) M Ae P 2he=ln? /2| A or(—iatr) _ A

If p > 0, then this is roughly equal to
(47Th)1/4|Aj7+|e_p2/2h€_hn2/2eﬁp _ (47TFL)1/4|A]‘7+|€_h(p/h_ﬁ)2/2.

If we now assume that all values of A; and A;_ with j > 1 are of the same order of
magnitude, then it follows that for fixed A > 0, the time evolution of the system is mainly
determined by the energies corresponding to the values of j with |k;| =~ |p|/h, or more
accurately, the difference between |k;| and |p| /R is of order A~1/2. This statement remains
true if we assume that p < 0, and is useful if one wishes to numerically approximate the

time evolution of the system.

3.4 MATLAB simulations

Having attempted to study the time evolution of the states qﬁ?p 9 analytically without
success, we shall now employ numerical methods to examine the behaviour of these
states. More specifically, we have written and executed MATLAB-programs to study

the action of various unitary evolution groups on qb?p 0 The unitary evolution groups

that we have analysed correspond to the self-adjoint realisations of the Hamiltonian %D2
on the interval [0, 1] associated to the following boundary conditions:

e 9(0) = ¢(1) = 0 (Dirichlet boundary conditions), with orthonormal basis and
corresponding energies
)2
¢;(x) = V2sin(jrz), E; = Urh) ., (1>1).

2m

e ¢'(0) = ¢/(1) = 0 (Neumann boundary conditions), with orthonormal basis and
corresponding energies

(jmh)?
2m

¢;(z) = V2cos(jmz), E;= . (7>0).

e ¢(0) =1i¢'(1), (1) = i¢’(0). This set of boundary conditions is somewhat peculiar,
since it has an eigenfunction that has negative energy:

s h?
do(z) = (2 — 1) V2(e" +ie! ™), FE,= 5

73



All of the other eigenfunctions orthogonal to the one above have positive energy.
Together with ¢g, the following functions constitute an orthonormal basis of eigen-
vectors:

¢;(x) = (2((m)* + 1) A((~1)jm = 1)el™ 4 ((=1)jm +1)e /™), E; = ,

where 7 > 1.

(1) = e?p(0), ¢'(1) = e?¢'(0) (‘generalised’ periodic boundary conditions), where
0 € [0, 27, with orthonormal basis and corresponding energies

(h(27j +6))°

. i(2wj+0)x
¢;(x) = PO By = 2m

, (Jez).

Basically, each of the programs performs the following four actions:

(1)

First, all variables such as the initial position qg, initial momentum py, time stepsize
dt, etcetera are initialised. Furthermore, the program divides the interval [0, 1] into
a number of smaller intervals of equal length, computes the value of ¢?p07q0) at the
end points of those intervals and stores these values in a vector.

In the second step, the function ‘/5?,30, “
of the orthonormal bases listed above by approximating the L?-inner product on
0, 1] with a finite sum. The approximations of these coefficients are again stored
in a vector.

) is decomposed with respect to part of one

With these approximations, the program determines the time evolution of our state
¢?p0, %) between prespecified values of the start time T,y and the end time Tiyap.
More specifically, the program approximates Uy (Tytars + 1 - dt)¢?p0’ w)’ where n € Ny
satisfies 0 < n - dt < Tinq — Tutart. The result of these computations is stored in a
matrix.

In the final step, the program produces a number of frames, each associated to
a point in time Ty + n - dt and containing two diagrams, as seen in figure [I}
The diagram on the left displays the square of the absolute value of Up(Titare +

n - dt) va )’ with on the horizontal axis the position ¢ ranging from 0 to 1. The
h

diagram on the right is a density plot of the Husimi function of Uy (Tyart+n-dt) (00.90)
in a part of phase space. The horizontal axis corresponds to position, whereas the
vertical axis corresponds to momentum. The colour blue indicates that the value of
the Husimi function is relatively small, whereas red means that this value is large
at a certain point. In the figure, the Husimi function is concentrated at the point
(0.4,0.5), which is consistent with the values of gy and py.
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Figure 1: One of the frames produced by the program. In the diagram on the left, the

square of the absolute value of the function ¢?p0’ 1) 18 displayed, with A = 1074, py = 0.5
h

and gy = 0.4. To the right, the Husimi function of (po.q0) 188 been plotted.

We have chosen to study the aforementioned realisations because their eigenfunctions can
be computed by hand, and therefore do not need to be approximated numerically. The up-
shot of this is that the difference in L?-norm between the actual function gzﬁ?pm o) and the
approximation that is obtained by decomposing the function with respect to (part of) one
of the above orthonormal bases, is time independent. More precisely, let (c;); be the se-
quence of coefficients obtained by the program in step (2). Strictly speaking, this is a finite
sequence. Let us extend this sequence by zero. Then the program effectively works with

the function Z]‘ c;9;, as opposed to the actual function gb?pmqo) = Zj<¢ja ¢?Po,qo)>L2(]071D¢j'
The difference in L?-norm is given by (3. [¢;— (¢, ¢Zvo,qo)>L2 q01p]?)*/2, and this difference

remains constant when we apply the unitary operator Uy (t) to both the actual function
and its approximation.

Let us discuss the results of the simulations. We examined the behaviour of the function
¢?‘p0’q0) with ¢qo = 0.4, po = 0.5 and A = 107 for (Titart, Tena, dt) = (0,4,0.025) and
(Titart, Tena, dt) = (0,2000,8), both with mass m = 1. The simulations showed that the
behaviour of both the square of the absolute value of the wave function, and the Husimi
function, are nearly identical for the first three realisations! Each of these three sets of
boundary conditions corresponds to a type of motion where particles collide elastically
with the boundary. The generalised periodic boundary conditions correspond to periodic
motion across the interval. In all cases, the plots of the Husimi function showed that the
variation in the position coordinate fluctuates, whereas the variation in the momentum
remains constant, apart from the fact that the momentum can undergo a change of sign for
the realisations corresponding to the elastic collision-like behaviour. Most importantly,
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incomplete motion or anything that hints at this phenomenon as one takes
the limit 7 — 0 was not observed in any of the simulations.

It was to be expected that the generalised periodic boundary conditions generate
periodic motion. The fact that Dirichlet boundary conditions can be used to simulate
a particle colliding elastically with the boundary is no surprise either; these boundary
conditions are typically imposed when studying quantum billiards, and can be derived
heuristically by demanding that the potential V' (z) be infinite outside the billiard. The
orthonormal basis associated to the set of mixed boundary condtions closely resembles
the basis associated to Dirichlet boundary conditions, so this explains the similarity
between their corresponding time evolutions. However, it is remarkable that the Neumann
boundary condition appears to be physically equivalent in the limit 2~ — 0 to the Dirichlet
boundary conditions as well. The rest of thesis will be devoted to an idea that might
shed some light on these findings.

76



4 Preliminaries from differential geometry

In order to outline our idea mentioned at the end of the previous section, we need to
develop a good understanding of some concepts from differential geometry, such as man-
ifolds with boundary and Riemannian manifolds, and in particular, geodesics.

4.1 Manifolds with boundary

The theory discussed here can be found in various textbooks on differential geometry, see
for example [T1].

4.1.1 Smooth maps and differentiable structures
First, let us recall the following notions:

4.1.1 Definition. (smoothness of functions on open subsets of R") Let m,n € Ny, let
U C R” be an open subset, let f: U — R™ be a function and let xq € U.

e We say that f is C° at x¢ iff f is continuous at x.

o Let k € Ng. We say that f is k+1 times continuously differentiable or C**1 at g iff
for each multi-index o € N} of length k, there exists an open neighbourhood U, C U
of xg such that for each z € U,, f|y, is C* at z, and the function % f: U, — R™
given by x — 0% f(x) is continuously differentiable at .

e We say that f is smooth or infinitely differentiable or C*° at xy € U iff there exists
an open neighbourhood U,, C U of z( such that for each x € Uy, and each k € N,
the function f is C* at z.

e We say that f is smooth or infinitely differentiable or C'*° iff f is smooth at every
point of U.

4.1.2 Definition. (smoothness of functions on arbitrary subsets of R™) Let k,m,n € Ny,
let X CR"” let f: X — R™ be a map.
e Let 7y € X. The function f is said to be C* (smooth) at x iff there exists an open
neighbourhood U C R” of 4 and a function g: U — R™ that is C* (smooth) at xg
(in the sense of Definition and extends f|ynx.
e The function f is said to be C* (smooth) iff f is C* (smooth) at x for each x € X.

4.1.3 Remark. Note that the previous definition of a smooth map f: X — R™ makes
sense even if the domain X is empty; in that case, f is always smooth. Moreover, if
the domain X of f is open in R™, then the above definitions of smoothness (at a point)
coincide. Finally, if f: R® D X — R™ is smooth at a point 2 € X, and g: R®" DY — R/
is a function such that f(X) C Y and that is smooth in f(x), then g o f is smooth at x.

4.1.4 Definition. Let n € N. The set H, = {(xy,...,2,) € R": x, > 0} with the
subspace topology induced by R" (with its euclidean topology) is called the closed n-
dimensional upper half-space. The interior of H, with respect to R", denoted by H;, is
called the open n-dimensional upper half-space.

Now we introduce the notion of a manifold with boundary. It is almost exactly the
same as the notion of an ‘ordinary’ differentiable manifold, and we use the same basic
terminology to describe familiar concepts such as charts, atlases, et cetera:
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4.1.5 Definition. Let M be a topological space such that:
(1) M is Hausdorff;
(2) M is second countable;

(3) There exists a family of pairs (Uy, ¢ )acs, Where each pair consists of an open subset
U, € M and a map ¢,: U, — R" such that:

(1) {(Ua)}aes is an open cover of J;
(ii) ¢4 is a homeomorphism onto an open subset of H,,;

(iii) For each a,f € J, the maps ¢p © ¢, '|s, (warw,) and @q o ¢El|¢5(UmUﬁ) are
smooth.

A pair (U,, ¢4) is called a chart.

The family of sets (Ua, 9o )acs is called an atlas of M.

Two atlases of M are said to be compatible if their union is an atlas of M.
Compatibility is an equivalence relation on the collection of atlases of M; an equiv-
alence class D), with respect to this relation is called a differentiable structure on
M'; a maximal element of an equivalence class is called a mazimal atlas of M.

e A pair (M, Dyy) is called a smooth n-dimensional manifold with boundary.

Before proving that compatibility is indeed an equivalence relation whose equivalence
classes contain a maximum, we introduce some terminology that is unique to manifolds
with boundary:

4.1.6 Definition. Let (M, D)) be a smooth n-dimensional manifold with boundary. A
point p € M is called an interior point of M iff there exists a chart (U, ¢) in the maximal
atlas such that p € U and ¢(p) € Hy. If such a chart does not exist, then p is said to be
a boundary point of M. The collection of all interior points of M is denoted by Int(M),
and the collection of boundary points by Bound(M).

4.1.7 Proposition. Let (M, D)) be an smooth n-dimensional manifold with boundary.
(1) Compatibility of atlases of M is an equivalence relation (hence Dy is well defined).

(2) Every differentiable structure has a unique maximal element with respect to inclu-
sion; thus we may identify Dy, with that mazimal element.

(3) If p € Int(M), then for each chart (U,¢$) € Dy with p € U, we have ¢(p) € Hy.

(4) Bound(M) can be endowed with the structure of an n— 1-dimensional smooth man-
ifold.

(5) Int(M) is open in M. Consequently, Bound(M) is closed in M.
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Proof.
(1) Clearly, compatiblity of atlases of M is a reflexive and symmetric relation. We
shall prove that it is transitive. Suppose A; = (Ui, @ia)acy; 1s an atlas of M for ¢ =
1,2, 3, suppose that A; and Ay are compatible and that A, and A3 are compatible. Let
(Ura) P1,4) € A1, let (Usy, ¢3,) € As. If Uy o NU;, = 0, then the transition functions
¢34 © qsl_étl(bl,a(Ul,amU&v) and ¢4 0 ¢?:§|¢377(U17QQU3W) are clearly smooth.

Now suppose Uy, NUs., # 0. Let € ¢14(U1q NUs,). Then there exists a unique
p € Upo NUs, such that ¢ ,(p) = . Ay is an atlas of M, so there exists a chart
(Us,g, p2.3) € Az such that p € Uy 3. The atlases A; and Ay are compatible, so
02,5 © DL alér.a(U1.anUs ) is smooth. In particular, the map

—1
¢275 © gbl,a|¢1,a(U1,aﬁU2,5ﬂU3,w)
is smooth at x. Since Ay and A3 are compatible atlases, we can argue in the same way
that the map
~1
¢3,’Y o ¢2,B|¢2,6(U1,aﬂU2,5ﬁU3,7)’

is smooth at ¢9 5(p), so the map

-1
¢37’Y © ¢17Oé ’¢1,a(U1,amU2,ﬁmU37»y)

(037 © B3 5l6s 5 (U1 0 503 1)) © (92,8 © D1 alor (U anls 50U )

is smooth at x, hence ¢, o (bfi é1.0(U1.aNUs.,) 18 smooth at x. We conclude that ¢3, o
¢ii|¢1,a(U1,aﬂU3,w) is a smooth map. Of course, we can prove in the same way that the
inverse is smooth, so A; and A3z are compatible atlases, which proves that compatibility
of atlases is a transitive relation.

(2) Let Apax be the union of all elements of Dy,. It is clear that A C A for each
A € Dy;. We show that the transition function corresponding to two charts (Uy, ¢;) and
(Us, ¢2) in Apax is smooth. Indeed, by definition of Ay, there exists Aj, Ay € Dy
such that (U;,¢;) € A; for j = 1,2. But then A; U Ay € Dy by definition of Dy,
SO ¢y © 9251_1|¢1(U1mU2) is smooth. The differentiable structure D), is nonempty, so Apax
contains an atlas, hence A, is an atlas itself.

(3) Let p € Int(M). Then there exists a chart (U, ¢1) € Dy such that p € U; and
¢1(p) € HZ. Now suppose (Us, ¢2) € Dy is another chart such that p € Us. The map
¢1 0 B3 | po(nnt) is smooth, so in particular, it is smooth at ¢o(p), which implies that
there exists an open neighbourhood V' C R™ of ¢»(p) and a function f: V' — R™ that is
smooth at ¢o(p) and that extends ¢; o ¢2_1|¢2(U10U2)nv- Next, consider the set

U:= ((b? © ¢171|¢1(U10U2)0H2)71(V)'

We claim that U is an open subset of R™. First note that the restriction of a continuous
map to a subset of its domain is continuous with respect to the induced topology on
that subset. Therefore, ¢ 0 ¢f1|¢1(UmU2)m me is continuous, and U is open with respect to
¢1(Uy NUy) N Hy. Furthermore, ¢; is a homeomorphism onto its open image in H,, so
¢1(Uy NUy) is open in H,,. It is clear that H; is open in H,, so ¢1(U; NUs) N HY is open
in H,, hence open in H?, hence ¢,(U; NUsz) N HY is open in R™ and it follows that U is
an open subset of R™, which proves the claim.
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Furthermore, note that U contains ¢;(p), and that the composition
fodaooity: U—R",

is the identity map onto its image. Thus the derivative of the composition in ¢;(p) is the
identity map, so by the chain rule, the derivative of ¢20¢1 |4, (1) at ¢1(p) is invertible.
The inverse function theorem now implies that there exists an open neighbourhood W C
R™ of ¢1(p) that is mapped homeomorphically onto its open image ¢ o ¢; (W) C R™.
On the other hand, we know that ¢s(p) € ¢ 0 ¢ (W) C H,, so ¢o(p) € HZ, as desired.

(4) M is Hausdorff and second countable, so Bound(M) with the induced topology is
also Hausdorff and second countable.

Construct an atlas for Bound(M) as follows. Let (U,¢) € Dy be a chart such that
U has nonempty intersection with Bound(M). It follows from the previous part of the
proposition that ¢(UNBound(M)) = ¢(U)N(R* ' x {0}). ¢ is a homeomorphism onto its
open image in H,, S0 ¢|ynBound(a) is & homeomorphism onto an open subset of R"~* x {0}.
The subspace R"™! x {0} is of course homeomorphic to R"™!, so we can use the above
restriction to define a homeomorphism ¢: ¥V — R where V := U N Bound(M).

We can perform this construction for each chart (U, ¢) € D), having non empty inter-
section with the boundary of M to obtain a family {(V,, %4 ) }acr of charts on Bound(M).
One readily checks that this family has all properties of an atlas. Thus Bound(M) with
the differentiable structure Bound(M) associated to this atlas is an n — 1-dimensional
smooth manifold.

(5) Let p € Int(M). Then there exists a chart (U, ¢) € Dy such that ¢(p) € H.. But
then ¢~'(H?) is an open subset of U and a subset of Int(M) that contains p. The set

U is open in M, so ¢ '(H?) is an open neighbourhood of p in M that is contained in
Int(M). We conclude that Int(M) is open in M. [ |

4.1.8 Example.

(1) Every smooth manifold M (with a differentiable structure) is automatically a smooth
manifold with boundary, and Bound(M) = (. Conversely, if M is a smooth mani-
fold with boundary such that Bound(M) = @, then by part (3) of Proposition [4.1.7]
M is a smooth manifold.

(2) For each n € N, the half-space H, itself can naturally be endowed with the struc-
ture of an n-dimensional smooth manifold with boundary with Int(H, ) = H; and
Bound(H,) = 0H,,.

(3) For each n € N, the closed unit ball in R™ can be given the structure of an n-
dimensional smooth manifold with boundary such that the interior of the manifold
is the open unit ball in R™ and the boundary is S"~!. In particular, the closed
interval [—1, 1] has boundary {—1,1}.

(4) Every open subset of a smooth manifold with boundary is again a smooth manifold
with boundary of the same dimension.
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4.1.2 The tangent space and smooth maps

Now that we have defined the notion of a smooth manifold with boundary, we would
like to define some of the concepts which are already defined in the setting of ordinary
smooth manifolds, such as the tangent space and the tangent map of a smooth map.

First, we need to extend the notion of a derivative at a point of a function defined
on an open subset of R™ to functions defined on open subsets of H,. It is not obvious
that the concept of a derivative makes sense for an arbitrary smooth map defined on
an open subset of a half-space; it certainly does not make sense for functions defined on
an arbitrary subset of R". As a counterexample, one can think of a constant function
f: {0} — R, which can be extended smoothly to R in infinitely many ways, and few of
these extensions will have the same derivative at 0. However, in the case of open subsets
of half-spaces, we have the following lemma:

4.1.9 Lemma. Let k,m,n € N, let Uy C H, be an open subset (relative to H,), let
f:Uy— R™ be a map and let xq € Uy. Suppose that Uy and Uy are two open neighbour-
hoods of zo in R™, that g:: Uy — R™ and go: Uy — R™ are two maps that are both C* at
xo, and that g;lvynu, = floenu; for j =1,2. Then for each multi-index o € N} of length
k, we have 0%gy(zo) = 0%g2(xo).

Proof. We prove the lemma by induction on the length k of the multi-index «. For a = 0,
there is nothing to prove. Now suppose that the assertion is true for all multi-indices
B of length k& € N, and that the functions g; and g, are C**! at xy. Fix a multi-index
a € N of length k4 1. Then there exists a multi-index 8 € Nj of length k£ and an ¢ with
1 <14 < n such that @« — 8 = ¢;, where e; is the ¢-th standard basis vector of R". Let
Usy C Uy and Ugy C U, be open subsets such that the functions g;|y,, are C* at « for
each x € Ug, for i = 1,2, and let U := UyNUs1 NUss. In view of g1|v = f|lv = ¢2|v and
the induction hypothesis, we have

9°g1(z) = 0°ga(z) for each x € U.

Now note that U is an open subset of H,,, and that ¢; and g, are C**! at z,. Hence we
have:

B . N 98,
0°gj(xo) = 3:0°g;(xo) = _ lim 0”g; (@ + tei) — 9°g;(xo)

>0,2+te; €U t ’

for j = 1,2. Comparing this equation with the previous one, we obtain
0%g1(wo) = 0“ga(xo).
This completes the induction. |

4.1.10 Definition. Let k,m,n € N, let U C H,, be an open subset of H,, let f: U — R™
and suppose that f is C* (smooth) at xy. Then there exists an open neighbourhood
V C R" of 2y and a C* (smooth) function g: V' — R™ such that f|yry = gluny. For
each a € Nj with |a| < k&, let 0% f () := 0%g(x¢). Moreover, we define the total derivative

f'(wo) of f at zo by f'(x0) := ¢'(x0): R" — R™.

The previous lemma says that 9%g(x¢) in the above definition is independent of the choice
of g, hence 9% f(xq) is well defined. Furthermore, since the derivative of a C' function
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at a point on an open subset of R™ can be expressed entirely in terms of its first order
partial derivatives, the linear map f’(xg) is well defined. One can recover the chain rule
for functions between open subsets of half-spaces from the chain rule for functions defined
on open subsets of R™.

We are now ready to construct the tangent space. We will follow the method outlined
in [9, 1.27]. Suppose (M, D)) is a n-dimensional smooth manifold with boundary, and
let p € M. Again, identify D), with its maximal atlas, let

A, ={((U,¢),u) € Dy x R": pe U}.
Define the relation ~ on A, as follows:

(U, ), u) ~ ((Vo9),v) & (Yo ¢ |swmn)) (6(p)) (u) = v.
4.1.11 Lemma.
(1) The relation ~ is an equivalence relation on A,.

(2) If (U,¢),u1), (U, ¢),us) € A, are elements of the same equivalence class, then

U1p = Ug.

(3) Let (U, ¢),u) € A,. For each chart (V,1) € Dy, there exists a v € R™ such that
(U, 8),u) ~ (V,9), ).

Proof. Let (U, ¢),u) € A,. The identity map on an open subset of H,, can be extended
smoothly to the identity map on R”, so (¢p0 ¢~ |swn) (¢(p))(u) = 1d[ ;) (#(p))(u), which
proves that ~ is reflexive.

Now suppose that ((U, ¢),u), (V,),v), (W, x),w) € A,, that (U, ¢),u) ~ (V, ), v)
and that ((V,¢),v) ~ ((W,%),w). By the chain rule, we have

(x © & Dy (0(0) (1) = (x o™ 0t 0 ¢~ Hywnvrm)) (¢(p))(u)
= (x 0¥ yvow)) (W) © (¥ 0 ¢ Hownv)) (6(p))(w)
= (x 0¥ ywrwy)) (¥ (p))(v)

:w’

So ~ is transitive.
For the symmetry of ~, note that

(¢ 0¥ Huwrr) (W (p)(v) = (¢ 0™ ywrv)) (©(p) 0 D 0 ¢~ ywrv)) (o(p))(u)
(Id|¢(Umv ) (o(p))(u)

We conclude that ~ is an equivalence relation, which proves (1).
To prove (2), simply note that u; = Id[};;(¢(p))(u1) = ua.

For (3), we remark that v := (o™ swrvy) (¢(p)) (u) satisfies (U, @), u) ~ ((V, ), U;
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Now suppose (U, ¢) € Dy, is a chart such that p € U. Then the map 0y : R" — A,/ ~
given by u +— ((U, ¢),u) is injective by part (2) of the previous lemma, and surjective by
part (3). Thus 0y, is a bijection, and we may use this bijection to transfer the vector
space structure of R” to A,/ ~.

If (V,4)) is another chart such that p € V, then we can define 6y, in the same way
we defined 014, and it is easy to see that

Q(U,¢) = Q(V,w) o(to ¢_1|¢(Umv))/(¢(p))-

The map (¥ o ¢! gwrvy) (¢(p)) is a linear automorphism of R™, so the vector space
structure on A,/ ~ is independent of the choice of (U, ¢).

4.1.12 Definition. The set A,/ ~ with the above vector space structure is called the
tangent space of (M, Dyy) at p and denoted by by T,M.

4.1.13 Definition. Let (N,Dy) be an n-dimensional smooth manifold with boundary,
let (M, D)) be an m-dimensional smooth manifold with boundary, let f: N — M be a
map, and let p € N.

e We say that f is C* (smooth) at p iff there exist charts (U, ¢) € Dy and (V,9)) € Dy,
such that p € U, f(U) CV, and ¢o fo¢™|swy is CF (smooth) at ¢(p) in the sense
of Definition 4.1.2;

o If fis C' at p, then we define the tangent map T,f: T,N — T M of f at p by
Tpf = H(Vﬂﬁ) © (w © f o ¢_1)/(¢(p)) © 0(_[]17(1,);

o We say that f is C* (smooth) iff f is C* (smooth) at each point p € N;

o If f is a C* (smooth) bijection with a C* (smooth) inverse f, then we call f a C*
(smooth) diffeomorphism.

4.1.14 Lemma. The above definition of the tangent map T, f does not depend on the
choices of the charts (U, ¢) and (V, ).

Proof. Suppose (Uy, ¢1) and (Us, ¢o) are charts on N whose domains contain p and sup-
pose (V1,11) and (V3,1,) are two charts on M whose domains contain f(p), and suppose
that f(U;) CV; for i = 1,2. Let T, f; and T, f> be the associated tangent maps. We are
done if we can show that the following cube is commutative:

83



Tp f2

T’iN TypyM

/ N /

TpN Tf(p)M 0(V2,¢2)
9(U2,¢2)
9(V17¢1)
9(U1,¢1) R"™ » R™
(20 fody ") (¢2(p))
(2 0wy ) (w1 0 f(p))

(@200 (01(P))

R”™ R™

(10 foor ") (41(p)

Indeed, the front and the back sides of the above cube are commutative by definition
of T, f1 and T, f5, respectively. Also, from our discussion on the vector space structure
on the tangent spaces, we infer that the left-hand and right-hand sides of the cube are
commutative. Finally, it follows from the chain rule that the bottom of the cube is
commutative. Since all arrows in this diagram, except perhaps the ones pointing to the
right, are isomorphisms of vector spaces, we conclude that the entire cube is commutative.
In particular, the top square commutes, which implies that 7, f; = T, f2, as desired. W

4.1.3 Products and fibre bundles

Now that we have constructed the tangent space, we want to talk about vector bundles
over a manifold with boundary, in particular about the cotangent bundle, since we are
interested in the phase space of a manifold with boundary. In order to construct vector
bundles, it is convenient to have the notion of a product of two manifolds at hand. There
is one problem: although it is rather straightforward to define the notion of a product in
the category of smooth manifolds, it is not so clear what a product of two manifolds with
boundary is. For example, the product of H; = [0, 00) with itself has a ‘corner’ at (0, 0).
Though it is possible to ‘straighten out’ the boundary of H; x H; (viewed as a subset of
R?), one loses the nice differentiable structure inherited from R? in doing so.

There are two ways to deal with this issue: first, one can consider the larger category
of manifolds with corners, where there is a well-defined notion of a product; see [13] for
a discussion on these objects. The second method, which we will discuss here, is to only
consider the product of a manifold with empty boundary, an ‘ordinary’ manifold, with a
manifold with boundary. This will turn out to be sufficient for our purposes.

4.1.15 Proposition. Let (F,Dg) be a smooth p-dimensional manifold and let (M, Dyy)
be an m-dimensional manifold with boundary. Then there exists a unique topology and
a unique differentiable structure D on F' x M such that (F x M, D) is a smooth p + m-
dimensional manifold with boundary Bound(F x M) = F x Bound(M), the projection
maps Pr: F x M — F and Py: F' x M — M are smooth, and (F x M, D) satisfies the
following universal property:

Let N be a smooth manifold with boundary, and let f: N — F and g: N — M be
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smooth maps. Then there exists a unique smooth map h that makes the following diagram
commutative:

Proof. For the topology on F' x M, take the product topology. Then F' x M is Hausdorff
and second countable because F' and M are. For each chart (U, ¢) € D and each chart
(V,4¢) € Dy, define amap ¢ x ¢p: U x V — RP x H,,, = Hp1p, by (z,9) — (¢6(2), ¥(y)).
U x V is an open subset of F' x M and ¢ X 1 is a homeomorphism onto its image, that is
open in H,4,,, because ¢ and v are homeomorphisms onto their images, which are open
in R? and H,, respectively. One readily verifies that

A:={(UxV,¢x): (U,¢) € Dp, (V,¥) € Dun},

is an atlas of F' x M, and that Pr and P,; are smooth maps with respect to the differ-
entiable structure D on F x M corresponding to A.

Now suppose (g, yo) € F X M and suppose that (U x V,¢ x ¢) € A is a chart such
that (xg,y0) € U x V. Then by part (3) of Proposition the following are equivalent:

. (l’o,yo) S Int(F X M),

o (¢(x0),v(w0)) € Hp s

* U(yo) € Hp;;

e yo € Int(M).
Thus Int(F x M) = F x Int(M) and Bound(F x M) = F x Bound(M).

Next, let N be an n-dimensional manifold with boundary and let f: N — F and
g: N — M be smooth maps. Then the map h := f @ g: N — F x M given by
p — (f(p),g(p)) is the unique map that makes the diagram above commutative. It is
continuous by the universal property for products of topological spaces. To see that it is
smooth, we prove that h is smooth at each point p € N. By the smoothness of f and
g, there exists a chart (W, x) of N such that p € N and there exist (U, ¢) € Dp and
(V,4) € Dy such that f(W) C U and g(W) CV, and ¢po foyxy ' and pogoyx ! are
smooth. But then A(W) C U x V, and

(px)ohox ' =(pofox )@ (Wogox),

is smooth. Thus & is smooth, and (F' x M, D) satisfies the universal property. Uniqueness
of the topology and the differentiable structure can now be deduced from the universal
property by taking N = F x M, f = Pr and g = Py,. |

Now we can introduce the notion of a fibre bundles over a manifold with boundary, where
the fibre is a manifold with empty boundary:
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4.1.16 Definition. Let B and E be manifolds with boundary, let F' be a manifold and,
let 7: E — B be a smooth surjection. Then (E, B, F, ) is called a smooth fibre bundle
over B with fibre F'iff for each p € B, there exists an open neighbourhood U C B of p and
a diffeomorphism ®: 7~ 1(U) — F x U such that 7|1 = Pyo®, where Py: FxU — U
is the canonical projection on U.

A pair (U, @) is called a local trivialisation of E.

The following proposition provides us with a way of constructing a fibre bundle.

4.1.17 Proposition. Let (B,Dg) be an m-dimensional manifold with boundary, let
(F,Dr) be a p-dimensional manifold, and let (F,),ep be a family of sets. Let E :=
]_[peB F, be the disjoint union of these sets, and let m: E — B be the canonical projection
onto B.

In addition, let (Uy, ®o)acr be a family of pairs, each of which consists of an open subset
U, C B and a bijection ®,: 7Y (U,) — F x U, with the following properties:

(i) (Us)aer is an open cover of B.

(i) For each o € I, let Py, : F x U, — U, be the canonical projection on U,. Then
ﬂ-‘ﬂ'_l(Ua) = PUQ e} q)a-

(i1i) For each o, € I, the map ®z0 O py(wanu,) s smooth.

Then there exists a topology T and a differentiable structure D on E that turns E into a p+
m-dimensional manifold with boundary 7' (Bound(B)) and that turns (E, B, F, ) into
a fibre bundle. Furthermore, 7 and D are the only topology and differentiable structure
for which m=Y(U,) is open in E and ®, is a diffeomorphism for each o € I.

Proof. Define the topology 7 as follows:
Let 7 be the collection of all subsets X C E such that for each x € X, there exists an
a € I with n(z) € U, and ®,(X N7 1(U,)) is open in F X U,.
From this definition, it is easily seen that 7=!(U,) € 7 for each a € I.
Before we prove that 7 is a topology, we prove the following claim:

X € 7 if and only if for each a € I, (X N7~ (U,)) is open in F x U,

Proof of the claim: the ‘if’-part is a direct consequence of the definition and the fact that
(Ua)aer covers B. To prove the converse, let X € 7,let o € [ and let y € ®,(XN7~1(U,)).
Then there exists a 8 € I such that 7 o ®_'(y) € Uz and such that ®5(X N7~ (Up)) is
open in F' x Us. Thus the set ®5(X N 7! (Us)) is an open subset of F' x U containing
Pgod, (y). It follows from this and from property (ii) of the family of pairs (U,, Py )acr
that the set W := ®5(X N7~ (Us))N(F xU,) is an open subset of F'x (U,NUs) containing
D30, (y). By property (iii), P, 0 @5 (W) is an open subset of F'x (U, NUs) containing
y, and hence it is an open subset of F' x U, containing y. Moreover, &, o @EI(W) is
contained in ®,(XN7~(U,)), again by property (ii). We conclude that ®,(XN7~(U,))
is open in F' x U,, which proves the claim.
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One readily verifies from the definition of 7 that §, E € 7. Now let (Xj)ses be a family
of subsets of E/. Then for each o € I, we have

5, ((U Xﬁ) a w(m)) - a, (U (X5 w—lwa)))
peJ BeJ
= U (I)a<Xﬁ N 7T_1<Ua)),
BeJ

and a similar identity holds when we replace the unions with intersections, since ®,, is a
bijection. But then the claim implies that 7 is closed under arbitrary unions and finite
intersections, so 7 is indeed a topology on F.

Next, let a € I. We show that &, is a homeomorphism. Let V' C F' x U, be open.
Let z € (V). Then n(z) € U,, and ®,(®, (V) N7~ (U,)) =V is open in F x U,, so
®_ (V) € 7 by definition of 7. Thus ®,, is continuous.

Now suppose U is an open subset of 771(U,). Then U is open in E, because 7~1(U,)
is open in E. It follows from the claim we proved earlier that ®,(U N 7~ 1(U,)) =
®,(U) is open in F' x U,. We conclude that the bijection ®, is open, and therefore a
homeomorphism.

As in the case of product manifolds, (£, 7) is Hausdorff and second countable because
both B and F' are Hausdorff and second countable.

To construct a differentiable structure on E, first equip all of the sets F' x U, with the
differentiable structure Dpy ., of a product manifold as described in Proposition [4.1.15]
then define a collection A of pairs by

A={(@;'(W),x 0 Polp-1wy): (W, x) € Drxv,, o € I}

Then A is an atlas of E. In particular, property (iii) implies that all of the transition
functions are smooth, and that the functions (®,)aer are diffeomorphisms. Let D be the
associated differentiable structure on E. Furthermore, the following are equivalent:

x € Int(E);

e There exist a € I and (W, x) € Dpyy, such that z € &1 (W) and xo®4(z) € Hy,,,;
e There exists a € I such that n(z) € U, and ®,(x) € Int(F x U,) = F x Int(U,);
e There exists a € I such that z € 7= (Int(U,));

z € m ! (Int(B)).

Thus Int(E) = 7! (Int(B)), and Bound(E) = 7~ !(Bound(B)). It is clear that (E, B, F, )
is a fibre bundle, with local trivialisations (U, @4 )acr-

To prove the statements about uniqueness, we note that the following are equivalent:

e X is open in E;

e For each o € I, X N~ *(U,) is open in 7= 1(U,);

e Foreacha eI, ®,(X N7 1 (U,)) is open in F x U,.
We conclude that the topology 7 is the unique topology such that for each o € I, 7=(U,)
is open in F and &, is a homeomorphism. Now suppose D’ is a differentiable structure
on E such that ®, is a diffeomorphism for each o« € I. Then the atlas A is compatible
with all atlases in D', hence D’ = D and the differentiable structure is unique. [ ]
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4.1.18 Definition. Let (E, B, F, ) be a fibre bundle over B, and let (U,, ®,)acr be a
collection of local trivialisations such that (U, )ae; is an open cover of B. Suppose that
F is a vector space, that for each p € B, the set 7= }({p}) is a vector space, and that for
each o € I such that p € Uy, the map 7' ({p}) — F, given by x — Pp o ®,(z), is linear
(and hence an isomorphism of vector spaces), where Pr: F' x B — F is the canonical
projection. Then (F, B, F, ) is called a vector bundle over B.

4.1.19 Example.

(1) Any product E = F x B of a manifold F' with a manifold with boundary B can be
viewed as a fibre bundle with fibre F', and the map = is the canonical projection
Pp onto B. A bundle of this form is called trivial.

(2) The tangent bundle TM := [] c,, T,M of an n-dimensional manifold with bound-
ary M can be given the structure of a vector bundle over M. Let m: TM — M
be the canonical projection. For each chart (U, ¢) of M, consider the bijection
U: R" x U — 7 }(U) given by (u,p) — [(U, ¢),u] € T,M. The inverses of these
maps can be used to endow T'M with the structure of a vector bundle using Propo-

sition L.1.171

(3) Similar to the previous example, one can consider the cotangent bundle T*M :=
]_[pe a Ly M of an n-dimensional manifold with boundary M, where for each p € M,
T M is the dual space of T, M. For each chart (U, @) of M,let U: R"xU — 7~ (U)
be the map that maps for fixed p € U the standard basis (eq, ..., e,) of R” to the
dual basis of the basis ([(U, ¢),ei1],...,[(U, ¢),e,]) of T,M, which we denote by

([(Ua ¢)> 61]*’ S [<U> ¢)7 en]*)
(4) Finally, we define the bundle of mixed tensors of type (k,[) (k,l € Ny), with

T'M = [ (" Ty M)  (&'T,M),

peEM
and given a chart (U, ¢) of M, the local frame ([(U, ¢),e1],...,[(U, ¢),e,]) induces
a local frame of T M, which can be used to define a local trivialisation

d: 7Y U) — R % U,
where 7: T*M — M is the canonical projection. Composing ® with the map
Ian(k+l) X ¢ yields a chart of leM . In what follows, we shall refer to this chart as
the chart associated to (U, ¢).

4.2 Symplectic geometry and Hamilton’s equations

The purpose of this subsection is to recall some of the abstract framework behind Hamil-
ton’s equations, and to introduce Hamiltonian vector fields.

4.2.1 Definition. Let (@, Dg) be a smooth manifold with boundary. A Riemannian
metric g on @ is a smooth section of the bundle T¢Q with the additional property that
for each ¢ € @, the element g,, viewed as a bilinear form on 7,(), is an inner product.
Such a triple (Q, Dg, g) is called a Riemannian manifold with boundary
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Moreover, let us introduce the notion of a vector field:

4.2.2 Definition. Let (Q, D) be a smooth manifold with boundary. A smooth section
of the canonical projection T'Q) — (@ is called a wvector field on (). The set of all vector
fields on @ is denoted by X' (Q).

4.2.3 Remark. The set X(Q), together with pointwise addition and scalar multipli-
cation, is a vector space. Moreover, the map C®(Q) x X(Q) — X(Q), given by
(f,X) = f-X, where (f-X)(q) := f(q)X(q) for each q € @, defines a C*°(Q)-module
structure on X (Q).

4.2.4 Definition. Let V be a real vector space. A symplectic form w on V' is a nonde-
generate bilinear form on V' that is skew-symmetric, i.e.

w(u,v) = —w(v,u) for each u,v € V.
The pair (V,w) is called a symplectic vector space.

4.2.5 Proposition. Let (Q),Dg) be a smooth, n-dimensional manifold with boundary.
Define the 1-form o € T*(T*Q) as follows: Let (U, ) be a chart of Q introducing local
coordinates (qi,...,qn), and let (7= Y(U),®) be the induced chart on T*Q with corre-
sponding local coordinates (p1,...,Pn,q1,---,qn), where m: T*Q — Q is the canonical
projection. Now define o on m=Y(U) by

n
o= Z pjdg;.
j=1

Then:
(1) The definition of « is independent of the choice of the chart (U, ¢);

(2) The exterior derivative w := da is given in local coordinates by

w = dej A dg;.

J=1

This definition is again independent of the choice of the chart (U, ¢). Furthermore,
for each (po, qo) € T*Q, Wpo,q0) 5 a symplectic form on Ty, 40)(T*Q), and dw = 0.

Proof. See [3, Section 2.2]. [ |

4.2.6 Definition. Let (@), Dg) be a smooth, n-dimensional manifold with boundary. The
2-form w obtained in the previous proposition is called the canonical symplectic form on

Q.

Next, we define the classical Hamiltonian. Suppose (@), Dg, g) is a Riemannian manifold
with boundary. Then for each ¢ € (), the inner product g, defines an isomorphism
T,Q — T;Q, by mapping a vector v to the linear functional w + g,(v,w). This functional
is commonly written as v”, and the inverse of the above isomorphism is denoted by § — 6.
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Now suppose that (@, Dg, g) is the configuration space of a particle with mass m. If
the particle is free, then its classical Hamiltonian is by definition the function H: T%Q) —
R, given by (p,q) — g,(p*,p*)/2m. If there is a (nonzero) potential V: Q — R on the
configuration space, then the Hamiltonian is given by

(p.q) = gq(p*, p")/2m + V(q).

Let us introduce some notation for later use. Let ¢ € @, and suppose (eq,...,e,)
is a local frame induced by a chart of () defined on some open neighbourhood of ¢,
so that e;(q),...,en(q) is a basis of T,Q). Then we define g;x(q) = g,(e;(q), ex(q)) for
7,k =1,2,...,n. Note that the map

T:QxT;Q =R, (p1.p2) — go(p}. Ph).

defines an inner product on TQ. If (e, ..., e;) is the local frame dual to (ei,. .., e,),
then we define gjk(q) = g4(€5(q), ex(q)) for j,k = 1,2,...,n. Of course, the functions
(9ix)1<jk<n and (¢?%)1<jr<n depend on the chosen chart. Furthermore, when regarded as

matrices, they are inverses of each other.

4.2.7 Proposition. Let (Q),Dg,g) be a smooth n-dimensional manifold with boundary,
let w be the canonical symplectic form on T*Q), and let f: T*(Q) — R be a smooth function.
Then there exists a unique vector field vy € X(T*Q) such that for each (p,q) € T*Q,
we have wg, ) (Vi(D,q), ") = —dfpq. Finally, if I is an open interval, then I > t —
(p(t),q(t)) € T*Q is an integral curve of vy if and only if in local coordinates, it is a
solution to the following system of differential equations:

Bty = L)1), L0 = 5 pltat), =12 n

Thus, taking f = H, the integral curves of the corresponding vector field vy are solutions
to Hamilton’s equations, which means that the motion of a particle is given by the flow
of v H-

Proof. Uniqueness follows from the fact that wy, 4 is nondegenerate for each (p,q) € T*Q.
As for existence, one can check that the vector field

“of 9 Of 0
o3 O f

has the required properties. |

4.2.8 Definition. Let (Q),Dg,g) be a smooth n-dimensional manifold with boundary,
let w be the canonical symplectic form on T*Q)
e A smooth function f: T*Q — R is called an observable on (T*Q,w).
e Let f be an observable on (7*Q),w). Then the vector field v; defined in the previous
proposition is called the Hamiltonian vector field of f.
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4.2.9 Definition. Let (Q), Dg, g) be a smooth n-dimensional manifold with boundary, let
w be the canonical symplectic form on T*Q), and let f,g: T*() — R be smooth functions
with Hamiltonian vector fields vy and v,. Then the Poisson bracket {f, g} of f and g is
given by

S

= w(vy,vy) )
{f.9} = 17 ap] dq;  0q; Op;

4.2.10 Remark. According to classical mechanics, the time evolution of a function f
on the phase space T*@ of a smooth n-dimensional Riemannian manifold (Q, Dg, g) with
empty boundary is determined by the equation

df

J_IH

L}
where H is the Hamiltonian of the system. In particular, if one takes f = ¢; and f = p;
for y = 1,2,...,n, then one obtains Hamilton’s equations.

4.3 Geodesics

In the absence of a potential, the trajectory of a particle on R™ is a straight line. The
notion of a geodesic generalises this idea to arbitrary Riemannian manifolds.

4.3.1 Geodesics on manifolds with empty boundary

To a Riemannian metric on a smooth manifold with empty boundary, we can associate a
canonical bilinear map on the space of vector fields.

4.3.1 Proposition. Let (Q),Dg, g) be a smooth Riemannian manifold with empty bound-
ary. Then there exists a unique bilinear map V: X(Q) x X(Q) — X(Q), (X,Y) — VxY
with the following properties:

Let X,Y, Z € X(Q), and let f € C*(Q). Then, we have

(i) VixY = fVxY;
(1)) Vx(fY) = fVxY + Lx(f)Y;
(iii) VxY — VyX — [X,Y] = 0;
(iv) Lx(9(Y,Z)) = g(VxY,Z) + g(Y,VxZ).
Moreover, if ¢ € Q, and (U, $) is a chart such that ¢ € U, then
VxY(q) = ; (; (X’“d—xk + erﬁlxk )) i(q),

where X7 and Y7 are the components of the vector fields X and Y at the point q with
respect to the local frame (ey, ..., e,) on T,Q induced by the chart (U, ¢), and I, are the
so-called Christoffel symbols, given by
, I~ . (O0gm O¢me Ogu
I, == Jm — .
ki 2 Zg (Gsck * ox; ox,,

m=1
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For a proof of this proposition, see [9, Theorem 2.51].

4.3.2 Definition. Let (Q,Dg, g) be a smooth Riemannian manifold with empty bound-
ary. The map V defined in the previous proposition is called the Levi-Civita connection
or the canonical connection of the metric g.

First, we note that the Levi-Civita connection is local in the following sense:

4.3.3 Lemma. Let (Q,Dg,qg) be a smooth, n-dimensional Riemannian manifold with
empty boundary, and let gy € Q.

(1) Let X1, X5, Y € X(Q), and suppose that X1(qo) = Xo(qo). Then Vx,Y(q) =
VY (q).

(2) Let X,Y1,Y; € X(Q), and suppose that there exists an open neighbourhood U C @
of qo such that Y|y = Ya|y. Then VxYi(q) = VxY2(qo)-

Proof.

(1) We first prove that if X;|y = Xs|y for some open neighbourhood U C @ of ¢, then
Vx,Y(q) = Vx,Y(q). Without loss of generality, we can assume that U is the domain of
a chart (U, ¢) of Q. Let &: R™ — [0, 1] be a bump function such that supp(a@) C ¢(U) and
& is equal to 1 on some neighbourhood of ¢(qy). Then &o ¢ defines a bump function on U
that can be extended to a function v in C§°(Q)) by extension by zero. Since Xi|y = Xs|v,
we have aX; = aXs, hence

Vx,Y(q0) = 2(90)Vx,Y(90) = Vax,Y (9),

so Vx,Y(q) = Vx,Y(qo). This proves our claim. Remark that to a vector field X €
X(U) we can always associate an element X € X(Q) such that X and X coincide on
some neighbourhood of ¢y by means of a bump function. It follows from the claim
that the vector VxY(qo) := VY (q) € T,,Q is well defined, and that the vector field
VxY € X(U) is indeed smooth.

Now suppose that Xi(q0) = Xa(q), let (U,¢) be a chart with ¢o € U, and let
(é1,...,€e,) be the local frame on U induced by the chart (U, ¢). Then there exist func-
tions fj, € C°(U) for j =1,2 and k =1,...,n such that

Xi(q) =Y fin(@)er(a),

for j = 1,2. The assumption X;(qo) = X2(qo) implies f1x(q0) = for(qo) for k=1,....n.
On the other hand, we have

n

Vi, Y(q0) = Vi apueY (@) = Y o(a0) k() Ve, Y (q0) = > fin(q0) Ve, (q0),

k=1 k=1

for j =1,2,s0 Vx,Y(q0) = Vx,Y (q), which proves the assertion.
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(2) This proof is very similar to the proof of (1); suppose that U is the domain of some
chart (U, ¢), and fix a bump function a € C§°(Q) as before. Then we have aY; = aY5,
and

Vx(aYj)(q) = alqo)VxYj(ao) + Lx(a)(90)Yj(0) = VxYj(q),

for j = 1,2, since « is equal to 1 in a neighbourhood of ¢y. Thus VxY1(q) = VxYa(qo),
as desired. ]

The Levi-Civita connection maps a pair of vector fields on () to another vector field on
. However, the vector fields that we are interested in are in general not defined on all
of (), but rather on a curve in Q).

4.3.4 Definition. Let (), Dg) be a smooth manifold with boundary, let I C R be
an interval, and let v: I — @ be a curve on ). Then a vector field along v is a lift
X: 1 —=TQ of vto TQ.

4.3.5 Example. If v: I — @ is a curve on a smooth manifold with boundary ), then
the map 7': I — T'Q) given by t — Tyy(1) is a vector field along . It is the vector field
that to each t € I assigns the tangent vector of the curve ~ at t.

Let (Q,Dg,g) be a smooth, n-dimensional Riemannian manifold with boundary, let
v: I — @ be a curve on @, let X be a vector field along v, and let ty € I. We want
to define V., X (ty), the derivative of X along the curve v at ¢, in the direction tangent
to the curve. Of course, we could do this using the expression in for the covariant
derivative in terms of local coordinates. We must be careful, however: 7/ and X are not
vector fields on ), and in general they cannot be extended to vector fields on @), since
may not be injective.

It is nevertheless still possible to define V., X (¢y). Remark that by part (2) of Lemma
, for each Y € X(Q), the vector V)Y (to) € Tyu)@ is well defined, since the
vector 7/(ty) can always be extended to a vector field on Q.

o If v/(to) = 0, then V)Y (to) = 0, so we set V., X (ty) := 0.

o If 7/(ty) # 0, then v is an immersion at ¢y, and hence an immersion on an open
neighbourhood J C I of ¢y3. By the rank theorem, there exists a chart (U, ¢) on
@ such that v(J) C U (restrict J to some smaller open neighbourhood of t, if
necessary), and ¢ o y(t) = (¢,0,0,...,0). Now let P;: R™ — R be the projection
onto the first coordinate. Then the map

Y = X (] P1 (o] ¢|(P10¢)*1(J)v

is a vector field on an open neighbourhood of (¢y) with the property that Y (y(¢)) =
X (t) for each t € J. By Lemma the vector V)Y (to) is well defined, and
we set

VX (to) == V)Y (to)-
4.3.6 Lemma. Let (Q,Dq,q), v, X and ty be as above. Then V., X (ty) is well defined.

Proof. Clearly V., X (o) is well defined if v'(¢y) = 0, so suppose v'(¢y) # 0, and construct
two vector fields Y7, Ys € X(Q) on @ with the property that there exists an open neigh-
bourhood J C I of t, such that Y;(y(t)) = X(t) for each t € J and j = 1,2. Suppose
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that 7" has components (71, . .., .,) with respect to the local frame induced by some chart
(U, ) of Q with tg € U. Let (Yj(l), o ,Yj(n)) be the components of Y; with respect to the
same local frame. Since Y;(7(t)) = X () = Ya(v(t)) for each t € J, we have

Y (to) = Y3 (to),

and

S k0 01 00)) = 040 = S0l

(l)

—Z%m —(9091(ts),

for [ = 1,...,n. Applying the explicit formula for V stated in Proposition yields
Vi) Yi(to) = Vo) Ya(to), which proves the assertion. [

4.3.7 Remark. In the literature, the vector field V., X along v is sometimes denoted by
D

ZX.

dt

4.3.8 Definition. Let (), Dg, g) be a smooth Riemannian manifold with boundary.
e A curve 7y: I — @ with the property that V..,7/(t) = 0 for each t € [ is called a
geodesic.
o If v is a geodesic on () with the property that there exists no geodesic 5 properly
extending v, then ~ is called a mazimal geodesic.
e The Riemannian manifold @ is said to be geodesically complete iff each maximal
geodesic has domain [ = R.

4.3.9 Remark. For obvious reasons, the equation V.,7" = 0 is called the geodesic equa-
tion. Expressing ~v in local coordinates, we can write it as

+ Z Z ij%%f

7j=1 k=1

4.3.10 Proposition. Let (Q),Dg, g) be a smooth Riemannian manifold with empty bound-
ary, let qo € Q. Then there exists a neighbourhood U C Q) of qo and € > 0 such that for
each element (q,v) such that ¢ € U and g,(v,v)"? < ¢, there exists a unique geodesic
v: I — @Q such that [-1,1) C I, v(0) = q and v'(0) = v.

Proof. Tt follows from Proposition that the equation V., = 0 locally reduces to a
system of second-order ordinary differential equations, and such a system has a unique
solution locally. For details, we refer to [9], Theorem 2.84 and Corollary 2.85. [ |

4.3.11 Corollary. Let (Q),Dg,g) be a smooth Riemannian manifold with empty bound-
ary. Then there exists an open neighbourhood €2 of the image of the zero section (Q — T'Q)
with the property that for each (q,v) € Q, there exists a unique geodesic v: I — @ such
that [—1,1] C I, v(0) = ¢ and v'(0) = v.

Now we come to the first important construction related to geodesics:
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4.3.12 Definition. Let (@), Dg, g) be a smooth Riemannian manifold with empty bound-
ary, and let 2 be the open neighbourhood from the previous corollary. We define the
exponential map exp: @ — @ as the map that assigns to each element (¢,v) € € the
point (1), where v: I — @ is the unique geodesic such that [—1,1] C I, v(0) = ¢ and
7(0) =v.

For a proof of the following proposition, we refer to [9, Proposition 2.88(i)]

4.3.13 Proposition. The exponential map exp: 2 — Q is smooth.

The exponential map can be used to define the family of maps (®;);c[—1,1) from Q to T'Q,
given by
d
(a0 1= (expla.t0). 5 expla. )l )

The metric g induces an isomorphism 7,0 — (7,Q)* of vector spaces for each ¢ € @,
and hence an isomorphism 7'Q) — T of vector bundles over (). By abuse of notation,
we shall denote this isomorphism by ¢ as well. We can use this map to define a family of
maps (Uy)se—1,1] from g(2) to T*Q, where U, := go &, 0 g™

Now fix (¢,p) € ¢g(2). Then we can consider the curve [—1,1] — T*Q, given by
t — ®,(q,p). Let Z(q,p) be the derivative of this curve at 0. In this way, we obtain a
vector field on g(€2). The significance of this vector field is given by the following theorem,
which can be found as Theorem 2.124 in [9]:

4.3.14 Theorem. = s the restriction of the Hamiltonian vector field vy on T*Q with
its canonical symplectic form to the open subset g(2) C T*Q).

In other words, free particles travel along the geodesics of the configuration space Q.
Therefore, the motion of a free particle is complete if and only if the maximal geodesic
along which it moves, has domain R. Consequently, classical motion on ) is complete
if and only if @) is geodesically complete. In the next section, we will look at a criterion
for geodesic completeness. First, however, let us mention the following weak version the
tubular neighbourhood theorem, which will play an important role later on:

4.3.15 Lemma. Let g be a Riemannian metric on an open neighbourhood U C R"™ of
zo € R* % {0} with its canonical differentiable structure, let U := U N (R*! x {0}),

and let n: U — TU be the unique smooth vector field on U that assigns to each x € U
the vector n(z) € T,U such that:

* g.(n(z),n(z)) =
e g.(n(x),v) =0 for each v € T,(U) C T,R";
e n(z) € HY CR"™, where we identify R" with T, U in the canonical way.

Then there exists an open neighbourhood V- C R"~! of the projection of o onto R" ™!, and
an € > 0 such that the map f: V x (—e,e) = R", given by (z,t) — exp((z,0),tn(z,0)),
1s a diffeomorphism onto its image, which is an open neighbourhood of .

Proof. First, we remark that n(z) can be constructed by applying the Gram-Schmidt
algorithm to the standard basis of R® = T, U, and that this algorithm only involves
smooth operations, so n is indeed a smooth map. It follows that the map

fir {fr € R (2,0) € U} xR — TU,
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given by (z,t) — ((x,0),tn(z,0)), is a smooth map. The exponential map exp: Q@ — R”
is also smooth, hence the composition exp o fi| @) is smooth. Observe that

exp o f1|4-1(q) (%0) = o,

that

0
T%(GXP of1|f1—1(9))(5’70) = €

for j =1,2,...,n— 1, where ¢; is the j-th standard basis vector, and that

0 :
o (exp o] 1) (w0) = nzo) € H.

The vectors (€1, €3, . . ., €n-1,1(9)) form a basis of R" ~ T;,U, hence (exp o f1] -1 q))'(20)
is invertible, so by the inverse function theorem, there exists an open neighbourhood
W C f7H(Q) of zy such that expof,|y is a diffeomorphism onto an open subset of U.
Now find V' C R" ! and € > 0 such that V x (—¢,g) C W, and let f be the restriction
of exp ofi to that set. |

4.3.2 The Riemannian distance

4.3.16 Definition. Let (Q, Dg, g) be a smooth Riemannian manifold with empty bound-
ary, and let v: I — @ be a piecewise curve on ). Then we define L(7), the length of the
curve vy, by

wazﬁ%wvwmwwﬂw

4.3.17 Definition. Let (Q,Dg,g) be a smooth, connected Riemannian manifold with
empty boundary, let q1, ¢, € @, and let X, ,, be the set of all piecewise C' curves on @
from ¢; to go. Then the Riemannian distance d(qi,q2) from ¢ to g is given by

d(Qla QQ) = inf{L(V): S Xq1,q2}'
We call the function d the Riemannian distance function on (Q,Dg, g).

Thus we obtain a function d: @ x @ — [0,00). It is easy to check that d(q,q) = 0 for
each ¢ € @, and that d is symmetric and satisfies the triangle inequality. We can even
say a bit more:

4.3.18 Proposition. Let (Q),Dg, g) be a smooth, connected Riemannian manifold with
empty boundary, let T be the topology on @), and let d be the Riemannian distance function

on Q). Then d is a distance function on @, and T is the metric topology on @ induced by
d.

Proof. See [0, Proposition 2.91]. [ |

Now we come to the criterion for geodesic completeness. For a proof of this theorem, we
refer to [9, Corollary 2.105]
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4.3.19 Theorem. (Hopf-Rinow, 1931) Let (Q),Dg,g) be a smooth, connected Rieman-
nian manifold with empty boundary, and let d be the Riemannian distance function on
Q). Then the following are equivalent:

(1) (Q,Dg,g) is a geodesically complete manifold;

(2) (Q,d) is a complete metric space.

4.3.20 Remark.

e Many of the previous statements remain true to some extent if the metric ¢ is
not smooth, but merely continuous or C*. Proposition is still true if g is
continuous. Furthermore, the exponential map is C* if the Riemannian metric is
C*, and the Hopf-Rinow theorem is still true if g is only C*.

e Observe that throughout our discussion of geodesics, we assumed that the Rieman-
nian manifolds had empty boundary. This is a necessary assumption; for instance,
the Hopf-Rinow theorem is trivially false for @ = [0, 1] with the standard metric
inherited from R.
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5 Modifying phase space

Let Q C R™ be a bounded open subset with smooth boundary, and consider a particle
with postive mass moving on Q with a certain (nonzero) velocity. Its motion can be
described by a curve t — (p(t),q(t)) € R™ x Q, where as before, p(t) and ¢(t) represent
the momentum and the position of the particle respectively. In the absence of a potential,
the particle will reach the boundary of €2 in finite time, 7', say. When it does so, there
are a number of possibilities; the particle may leave the domain € altogether, but our
simulations suggest it might also undergo an elastic collision with the boundary, or reap-
pear at another point of the boundary and continue its journey across Q with possibly
different momentum. In this section, we will be concerned with the last two types of
motion, both of which are complete.

For an example of the first of these two kinds of motion, let 2 =|0, 1], and imagine that
q(0) €]0, 1[ and p(0) > 0, so that the particle moves to the right and that ¢(7") = 1. After
the collision, the particle will move to the left with momentum —p(0) until it reaches
position 0, where it will be reflected, and its momentum after the second collision is
equal to the initial momentum p(0). Of course, the particle will continue to move back
and forth across [0, 1], its momentum alternating between p(0) and —p(0) whenever it is
defined.

For the second kind of motion, consider again the particle on [0, 1] with the same
initial conditions, but with a periodic boundary, meaning that if a particle reaches 1 at
time 7', a copy of itself will appear at position 0 with the same momentum p(7") the
original particle had. At time ¢ > T', the original particle vanishes and we dub the copy
the new ‘original’ particle. We will do the same thing for particles moving to the left
reaching position 0, where the copy appears at position 1. Our particle will move to the
right, and appears at position 0 at time 7', whereupon the particle, now located to the
left of the interval, will move to the right with the same momentum p(0) it had before it
reached the right-hand side of the interval, and it will continue to move to the right until
it reaches 1 again, and the whole process repeats itself indefinitely.

Note that in the first situation, the position ¢(¢) of the particle was defined for all ¢,
but the momentum p(t) was not. In the second situation, the momentum was defined
everywhere, but the position was not. Thus in both cases, the curve ¢t — (p(t), q(t)) was
ill-defined. Alternatively, if we assign a definite momentum or position to the particle at
the boundary, then the corresponding curve is discontinuous. To solve these problems,
in this section, we shall consider an associated smooth curve on another manifold, and
consider the curve in R™ x  associated to the motion of the particle as the projection of
the smooth curve on the original manifold R” x € with boundary R” x 9.

5.1 The double of a manifold with boundary

5.1.1 Construction

At last we get to the heart of the matter. Given a configuration space @) that is a
manifold with boundary, we want to look at extensions of () by attaching copies of @) to
itself such that the resulting manifold no longer has a boundary. At the same time, we
are interested in what happens at the level of the corresponding phase space M = T*(Q)
of @. One interesting construction, which can be found in [20] and [I4], is the double of
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a manifold with boundary, in our case the configuration space (), which is very easy to
define: simply take the (disjoint) union of two copies Q; := {(i,q): ¢ € Q} (i = 1,2) of
(), and subsequently take the quotient with respect to the following equivalence relation:

(1,9) ~ (2,¢) © ¢ =q € Bound(Q).

For the topology on this space, take the one that is naturally associated to the operations
of taking the disjoint union and the quotient.

5.1.1 Definition. We call the space Q)1 LI )2/ ~ with the above topology the double of
the topological space @), and denote it by Double(Q).

Later on, we shall see how this construction can be generalised in a useful way. This
generalisation shares many properties with Double(@), and since the double of a manifold
is such an intuitive construction, we shall simply continue to study Double(Q) for the
moment.

5.1.2 Proposition. Let QQ be a manifold with boundary and let Double(Q) be its double.

(1) The maps t;: Q@ — Double(Q), i = 1,2, given by q — [i,q|, are homeomorphisms
onto their images.

(2) The canonical projection P: Double(Q) — Q, given by [i, q] — q, is continuous and
open.

(3) Double(Q) is Hausdorff.
(4) Double(Q) is second countable.

Proof.

(1) It is clear from the definition of Double(Q) and the definitions of the disjoint union
and quotient topologies that the maps ¢;, ¢ = 1,2, are continuous bijections onto their
images. Now suppose U C @ is open and let i € {1,2}. Then the set V := 11 (U)Uwy(U) is
open in Double(Q), hence ¢;(U) = ¢;,(U)NV is open in ¢;(U). Thus ¢; is a homeomorphism
onto its image.

(2) Let U C Q be open. Then P~H(U) = 1,(U) U 15(U) is open in Double(Q), hence P
is continuous. Now suppose V' C Double(Q) is open in Double(Q). Let ¢ € P(V'). Then
there exists an i € {1,2} such that [i,q] = ¢;(¢) € V, and by the previous part of the
proposition, ¢; 1(V) € P(V) is an open subset of @ containing g. Thus P(V) is open,
and it follows that P is open.

(3) Let [z,q],[s,7] € Double(Q), and suppose [i,q| # [j,r]. Then there are two possibili-
ties:

e (¢ # r: Since () is Hausdorff, there exist open sets U,V C ) such that g e U, r € V
and UNV = . But then 1(U) U x(U) and ¢1(V) U 12(V) are two disjoint open
subsets of Double(Q) containing [i, ¢] and [j, ] respectively.

e g=randi# j: Then ¢ € Int(Q), and ¢1(Int(Q)) and ¢o(Int(Q)) are two disjoint
open subsets of Double(Q) containing [1, ¢] and [2, ¢] respectively.
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We conclude that Double(Q) is Hausdorff.

(4) Pick a countable base (U,)men of the topology on @. Let U C Double(Q) be open
and let [i,q] € U. Without loss of generality, we may assume that ¢ = 1. Then Lj_l(U ) is
open in @ for j = 1,2, and ¢;*(U) contains ¢q. Again, there are two possibilities:

e ¢ ¢ 1;'(U): Then in particular, ¢ ¢ Bound(Q), so we can pick an m € N such
that U, C ¢;'(U) NInt(Q) is an open neighbourhood of q. Then ¢;(U,,) is an open
neighbourhood of [1, ¢] contained in U.

e ¢ € 1, (U): Then pick m € N such that U,, C ¢;*(U) N, (U) is an open neigh-
bourhood of ¢q. Then ¢;(U,,) U t2(U,,) is an open neighbourhood of [1, ¢] contained
in U.

We conclude that
{t;(Up): meN, U, CInt(Q), i = 1,2} U{t1(Upn) U 12(Uy,): m € N}
is a countable base of the topology on Double(@), so Double(Q) is second countable. W

Thus we have obtained a new topological space, which is both Hausdorff and second
countable. We want to endow Double(Q) with the structure of a manifold with empty
boundary such that ¢; and ¢y are smooth embeddings of @) into Double(Q), i.e., aside
from being homeomorphisms onto their images, ¢; and ¢5 should be smooth maps with
the property that the tangent map is injective at every point of ().

It is clear how to define charts whose domains are contained in ¢; (Int(Q)) or to(Int(Q)).
There is, however, no canonical differentiable structure on (), a problem that presents
itself when one tries to define charts whose domains have nonempty intersection with
t1(Bound(Q®)) = t2(Bound(Q)). Consider, for example, @ = Hy = R x [0, 00], and let
Q; = 1;(Q) for i = 1,2. One is tempted to identify Q; with H, via the inclusion Q — R?
and @y with —Hy = Rx] — 00, 0] via the same inclusion and subsequently taking the
mirror image in the z-axis, and thus identify Double(Q) with R?.

But there are other ways to include @ into R? such that @ is mapped onto itself:
take, for instance, the map (z,y) — (x+ Ay, y), where A € R\{0}. This map is a smooth
homeomorphism onto its image, and its inverse is smooth as well; hence it is a chart of
Q. If we now use this chart to construct a chart Double(Q) — R?, then we see that the

curve v: R — Double(Q),
(1) = { 2,]t]] t<O

(L[t ¢=0"

is not smooth with respect to the second differentiable structure, whereas it is smooth
with respect to the differentiable structure defined in the previous paragraph. Thus
we have obtained an infinite family of different differentiable structures on Double(Q),
and the question is which one we should pick. There is a way to define a family of
differentiable structures on Double(Q) such that for any two members D and D’ of this
family, the associated manifolds (Double(Q), D) and (Double(Q),D’) are diffeomorphic;
cf. [14, Theorem 6.3]. Still, we would like to single out a specific differentiable structure.
For an arbitrary manifold with boundary, this is impossible.

If the manifold carries a Riemannian metric, however, then we will see that there
exists a canonical differential structure on the double of that manifold. Note that it is
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necessary in both classical and quantum mechanics to have a Riemannian metric on the
configuration space in order to be able to define the Hamiltonian of the system. There
is one drawback: in general, the inherited Riemannian structure on Double(Q) is not
smooth everywhere, but only on P~!(Int(Q)).

5.1.3 Lemma. Let U C H, be an open subset of H,. We view U as a smooth manifold
with boundary by endowing it with its canonical differentiable structure. Let g be a Rie-
mannian metric on U, and let xo € U. Then there exists an open neighbourhood V- C R"
of xg carrying a Riemannian metric § such that VN H, C U and §lvan, = 9lvam, -

Proof. Since the Riemannian metric g is defined on the open subset U of H,, we may
regard it as a smooth map A from U to the set of real n x n-matrices M (n,R), given by
z = A(x) := (9(2)ij)1<ij<n, and A(x) is symmetric and v7 A(z)v > 0 for each column
vector v € R". The fact that A is smooth implies that there exists a smooth map A on
some open neighbourhood V C R™ of x such that /~1|‘~mHn = Alyng,- But then the map

A: V — M(n,R), given by )
v 3 (A() + (A))

is another smooth map with the same property as A, and in addition, for each z € V,
the matrix A(z) is symmetric. Thus we may assume without loss of generality that A(x)
is symmetric for each z € V.

Now we show that there exists an open neighbourhood V C V of o such that
vTA(z)v > 0 for each column vector v € R™\{0} and each z € V. Let S = §"!
be the unit sphere in R”. The map f: V x R" — R, defined by (z,v) — vTA(x)v is
smooth, so f~1(]0, oc[) is open in V x R™. Hence, for each v € S, there exist open subsets
V., C V and W, C R" such that (xg,v) € V, x W,. Now choose a family of pairs of
open sets {(V,, W,)}yes with this property. Then {W,},cs is an open cover of S, so by
compactness, there exist vq,...,v,, such that S C U;nzl W,,. Let V := ﬂ;”zl V- Then
V C V is an open neighbourhood of z, with the property that for each z € V and each
v € S, we have vTA(z)v > 0, and hence, for each € V and each v € R™\{0}, we have
vTA(z)v > 0. Thus we can use the function Aly to define a Riemannian metric § on V
with the desired property. [ |

5.1.4 Theorem. Let (Q),Dg, g) be an n-dimensional Riemannian manifold with bound-
ary. Then there exists a differentiable structure D on Double(Q) such that 1y and ts
are smooth embeddings, and there exists a unique continuous section §: Double(Q) —
TZDouble(Q) such that g = 5(g) = 15(g).

Proof. (I) We shall begin by constructing an atlas A on Double(Q). First, suppose
that gy € Int(Q), so that [j,q] € P~'(Int(Q)) for j = 1,2. Then we can find a chart
(U,¢) of Q such that gy € U C Int(Q). Now, we let (:;(U), ¢ o Pl @) be elements of
A. Tt follows from Proposition that ¢;(U) is an open subset of Double(()) and that
¢ o P|,, ) is a homeomorphism onto its image. Furthermore, if (V) is another chart of
@ such that ¢ € V C Int(Q), then

(¥ o Pl wnvy) © (¢ 0 Pl,wavy) ™ =¥ o (dlunv)

so the transition functions are smooth maps.
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Next, we specify how to construct charts for points in P~!(Bound(Q)). Let g
Bound(Q), and let (U, ¢) be a chart of Q such that qo € U. Let (¢71)*(g): ¢(U)
T2$(U) be the map given by

(¢_1)*(9)x(vy w) = g(b*l(x)(Ta:gb_l(v% Tz¢_1(w))
(971)*(g) is a Riemannian metric on ¢(U), so by Lemmal5.1.3] there exists a set V C ¢(U)

that is open in R™ and that contains zy := ¢(qo), and there exists a Riemannian metric

g on V such that glvng, = (671)*(9)|vrm,. By Lemma [4.3.15] there exists an open
neighbourhood W C R"~! of the projection of xy onto R"!, and an € > 0 such that the

map

Im

v: W x (_575> -V, (l’,t) = exp((:z:,O),tn(:l;,O)),

is a diffeomorphism onto its image, which is open in V' and hence in R™. Here, n is the
unit normal on W x {0} that satisfies n(z,0) € H? for each z € W.

We claim that W and ¢ > 0 can be chosen in such a way that U~'(HZ) C H?,
U1 (H?) C —H and U 1R x {0}) C R*"! x {0}. Indeed, let P,: R® — R be the
projection on the n-th coordinate, and consider the number

a:=P, (g—i(xo)) — P, (n(xo)).

Then a > 0, since n(zy) € HZ. Because U is C! at x, there exists an open neighbourhood
N C Wx] —¢,¢[ of xp such that

WD) = 2 () > a2

for each x € N. Without loss of generality, we may assume that N is of the form
W’'x] — ¢, e'[. Now let y € W’. Then it follows from the mean value theorem that for
each b €]0,¢'[, we have

b
PpoW(y,b) = Pa(¥(y,b) = ¥(y,0)) = % >0,

and similarly, P, o U(y, —b) < _T“b < 0. This proves the claim.
Now choose W and ¢ with the aforementioned properties. Let r: R"™ — R"™ be the
map

(51) (xlu"wxnflyxn) = (xlv"'axnflu_xn)u
let U := P~ (¢~ o U(W x [0,¢[)), and define the map ¢: U — W x| — ¢, ¢] as follows:

o= oo 122

The set W (W x [0, €]) is an open subset of H,, containing x, so ¢~ oW (W x [0, £[) is open in
U, hence is also open in @, and it follows that U is open in Double(Q) and contains [1, go].
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(II)  We show that ¢ is a well-defined homeomorphism. If ¢ € Bound(Q), then ¢(q) €
R x {0}, so U1 og(q) € R" ! x {0} (note that U~! o ¢p(q) = ¢(q)) and it follows that
U log(q) =ro¥top(q), so ¢ is well-defined. To see that ¢ is a bijection, we note that
an inverse of ¢ is the map W] —e,e[— U given by

to¢~toW(y,t) t20
(y,t)r—>{ ogtoWor(yt) t<0

In view of the fact that ¢ and ¥ are homeomorhisms, we conclude that ¢ is continuous
at each point of U N P~ (Int(Q)) and that ¢! is continuous at each point of W x (] —
. [\ {0}). ~

Now suppose ¢ € P(U)NBound(Q), and let Z C W x]—¢, ¢[ be an open neighbourhood

of z = ¢([1,q]) = ¢(q). Then ¢~ (H, N ¥(Z)) and ¢~ (H, N ¥ or(Z)) are open subsets
of @) containing ¢, hence

Y= P (¢ (HaNU(2) N (6 (Ha NV or(2))) U

is an open subset of Double(Q) containing [1, ¢, with the property that ¢(Y) C Z. Thus

 is continuous at [1,¢], and it follows that  is continuous at each point of its domain.

Suppose & € W x {0}, and let Y C U be an open neighbourhood of ¢ := ¢~*(x).

Then (11 0 ¢71)7H(Y) and (12 0 ¢71)71(Y) are open subsets of H,. For each 2’ € R", we

have 2/ € H, if and only if U(z') € H,, and ¥ is a homeomorphism onto its image, so

(1o toW) " H(Y) and (1900 o W)~ H(Y) are open subsets of H,, containing x, and hence
(

Z:= (oo to \D)_l(Y) N(woptoWo r)_l(Y) C Wy x (—=61,01),

is an open subset of R" containing x, with the property that ¢ (Z) C Y. Thus ¢! is
continuous at x, and it follows that ¢ is a homeomorphism onto its image.

(III)  We have shown that (U,¢) is a chart of Double(Q). We want to show that
charts of this type, together with the ones defined on P~!(Int(Q)), form an atlas of
Double(Q). The only nontrivial thing left to check here is that, given two charts (U, ¢1),
(Us, ¢9) of @ whose domains contain a common element go of the boundary, the transition
function corresponding to two associated charts (U, ¢1), (Us, ¢2) on Double(Q) is smooth
at go. On a side note, we remark that it is possible that (U, ¢y) # (Us, d2) even if
(Uy, ¢1) = (Us, ¢2), since we made some choices in the construction of the chart (U, é)
from the chart (U, ¢).

Let ¢ € Uy N Uy N Bound(Q), and define 21, x5 € R™™! by (z;,0) = ¢,(g) for j =1, 2.
Then for sufficiently small ¢ > 0, the curves v;: | —¢,e[— Vj, given by t — V;(x;,t), are
geodesics such that v;(0) = (z;,0) and 7}(0) = n;(z;,0) for j = 1,2. But ¢0(¢1]v,nw,) "
is an isomorphism between the Riemannian manifolds (¢1(Uy N Ua), (67 1)*(9) |6y @nnws))
and (¢o(Ur NU2), (951)*(9)|a(vinms)) that maps (z1,0) to (22,0) and whose tangent map
sends n;(z1,0) to na(z2,0). So by the uniqueness of geodesics we have ¢ 0 Ya|je[ =
¢1"' o Yiljo,e, and therefore

951_1(9317 t) = Q~52_1({p2’ t)?
for each t €] — ¢, ¢[. But this means that ¢, o (;31’1|q;1(01002) is of the form ¢ x Idg, where
1 N — R" ! is a diffeomorphism onto its image on some open neighbourhood N C R*~!
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of 21, hence ¢y 0 gz~51_1|q31(gmi,2) is smooth at (z1,0). We conclude that the set A containing

all of the constructed charts (U, ¢) is an atlas of Double(Q).

(IV) Next, observe that the pairs (L;l(Uj), gz~5j o) are charts of @ for j, k = 1,2, which
implies that ¢; and ¢y are smooth immersions. It follows from part (1) of Proposition
that ¢; and ¢ are smooth embeddings.

Now let [7, q] € Double(Q), and let (U, ¢) be a chart of @) such that ¢ € U. Construct
a chart (U, $) on Double(Q) such that [4,¢] € U as above. Define

g[jm: T[M}Double(Q) X T[j,q]Double(Q) — R,

by

350U, ) 0], (U, 6),w]) = gq([(1;1(0), $ 0 13), 0], [(1(U), 6 0 1), w])
We show that gi;q is well defined. Suppose ¢ € Bound(Q). Then for each v € R", we
have o o

[(t3"(U), b0 12),0] = [(1(U), @ 0 1), 7(v)],

where r is the map from equation . By construction of ¢, the vector
(171 (U),é 0 11), ey) is orthogonal to the vectors [(¢; (U),¢po11),e;], i =1,...,n—1, 50
the map 7,0Q) — T,Q, given by

[ 1(0),d 0 ), o] = [(71(0), 6 0 11),r(v)],

is unitary. Thus gj; 4 is well defined. It is now easy to see that g = ¢}(g) for j = 1,2, and
that g: Double(Q) — TZDouble(Q) is a continuous section of the canonical projection
TZDouble(Q) — Double(Q), which is smooth on P~!(Int(Q)). [ ]

5.1.5 Definition. Let (), Dy, g) be a Riemannian manifold with boundary, let D be
the differentiable structure on Double(Q)) associated to the atlas constructed in Theorem
[.1.4] and let §: Double(Q) — T¢Double(Q) be the (continuous) Riemannian metric
from the same theorem. We call the triple (Double(Q), D, g) the Riemannian double of

(QJ DQa g)
5.1.6 Remark.

e In the above proof, we had to make certain choices while constructing of (U , QNS)
from (U, ¢), and consequently, there is no canonical map sending charts (U, ¢) of Q
to charts (U, ¢). Thus we have implicitly used the axiom of choice.

e The metric § on Double(Q) is in general not smooth or even continuously differ-
entiable on P~!'(Bound(Q)). As a counterexample, consider the closed unit disc
D C R? with the Riemannian metric inherited from the canonical Riemannian
metric on R?. Polar coordinates (r,0) €]0,1]x] — m, [ can be used to parametrise
an open neighbourhood of (1,0) € D. Since the geodesics of R? are precisely the
curves traversing straight lines with constant velocity, and since the radial coor-
dinate defines curves perpendicular to the boundary of D, the relation between
polar coordinates and a possible set of coordinates (u,v) that one could obtain
from Lemma is given by (u,v) = (6,1 —r). The basis vector e, induced by
these coordinates satisfies

g(u,v)<€m eu) = (1 - 0)27
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SO

0
50900 (€wr €0))lw=00) = 2 #0,

so if we use these coordinates to obtain coordinates on Double(D) to parametrise
a neighbourhood of [1,(1,0)], then g, v)(eu,e,) is not differentiable at the point
(1,0) € D.

One can ask to what extent the differentiable structure associated to the atlas constructed
in the previous theorem, is unique. It is unclear whether it is unique as a C'*°-structure.
Assume for the moment that the transition functions of the elements of an atlas A are
not smooth, but merely C! at points of the boundary. Let us call such an atlas ‘smooth
on the interior and C! at the boundary’, and let us adopt the same terminology for the
corresponding notion of a differentiable structure. Then we have the following theorem:

5.1.7 Theorem. Let (Q),Dg, g) be an n-dimensional Riemannian manifold with bound-
ary, and let A be the atlas constructed in Theorem [5.1.4 Then there exists a unique
differentiable structure D on Double(Q) containing A that is smooth on the interior and
C! at the boundary, such that v, and 1y are smooth embeddings.

Proof. (I) Let A’ be an atlas such that Double(Q) with the corresponding differen-
tiable structure D’ is a differentiable manifold that is smooth on P~!(Int(Q)) and C" on
P~!'(Bound(Q)) and such that ¢; and ¢y are smooth embeddings. We may assume without
loss of generality that both A and A’ are maximal. Our goal is to show that A U A’ is
an atlas. To do so, it suffices to show that for each [j, ] € Double(Q), there exist charts
(U,¢) € A and (V,¢) € A, and an open subset W C U NV such that [j,¢q] € W and
with the property that ¢ o ¢~ s(W) 18 a C'-diffeomorphism onto an open subset of R™.

Therefore, let [j,q] € Double(Q), and let (V,¢) € A’. By assumption, ¢;: Q —
Double(Q) is a smooth embedding, so there exists a chart (U, ¢) of @ such that ¢ € U,
t;(U) C V, and such that

¢0Ljo¢_1:HnQ¢(U)—>Rn.

is a smooth map. If ¢ € Bound(Q), then we assume that ¢;(U) C V for j =1, 2.

First we discuss the case [j,¢q] € P '(Int(Q)). By restricting U to U N Int(Q) if
necessary, we may assume that U C Int(Q). Then (U, ¢) := (1;(U), ¢ o P) is an element
of A, and

po¢ Tt =tou 007t Hy D ¢(U) - R,

is a smooth map. In particular, it is differentiable at ¢(q), and
(067" (6(q) = Tyig o Tyt o (Ty) ™.

The map ¢; is an immersion, so (10 ¢~)(¢(q)) is injective, and hence is an isomorphism
of vector spaces. By the inverse function theorem, there exists an open neighbourhood
W C H? of ¢(q) such that ¢ o ¢|y;, is a diffeomorphism onto an open subset of R", so
W := ¢~ (W) is the desired neighbourhood of [j, q].

(II) Before we discuss the case [j,q] € P7'(Bound(Q)), we prove that P~!(Bound(Q))
is an embedded C'-submanifold of (Double(Q),D’). Indeed, suppose (U, ¢) and (V)
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are charts as above. Then the smooth map ¢ o¢; o ¢! has a smooth extension f to
some open subset of R" containing ¢(U). Again, since ¢; is an immersion, we can use
an argument similar to the one in the previous paragraph to show that there exists an
open neighbourhood W C R™ of ¢(q) such that f|y is a C'-diffeomorphism onto an open
subset of R™. By replacing W with W N f~1(1(V)) if necessary, we may assume that the
image of f|y is contained in the image of v, so

(Vo) := @7 (FW)s (flw) ™t o Ly pony) € A’y

is a chart such that

Y(VN P~ (Bound(Q))) = (V) N (R" x {0}).
We conclude that P~!(Bound(Q)) is an embedded C'-submanifold of (Double(Q), D’).
(III)  Now suppose [j,q] € P~} (Bound(Q)), and let (U,¢) and (V,v) are charts, as
before. Since P~!'(Bound(Q)) is an embedded C'-submanifold of (Double(Q),D’), we

may assume without loss of generality that
Y(V N P~ (Bound(Q))) = (V) N (R" x {0}),
and, applying a reflection if necessary,
P(VNu(@) =¢(V)N H,.

Construct a chart (U,$) € A such that 17,q] € U from the chart (U, ¢) following the
method outlined in the existence-part of the proof. By construction of ¢, we have

oz ) =100 (z ) for each = € ¢(U) N (R x {0}), so
o (D[4, q)) + tex) — ([, q))

o=y t
= lim vouo ¢‘1(¢(Q)t+ tex) — (14, )

0 ~1
= 2 (pory 067000

for k=1,...,n — 1. On the other hand, we have

(0130 67)(0(a)) = T o Tty o (T,6) (),
and ¢; is an immersion, so (wy, . .. ,wn_l)js a linear independent system of vectors. Thus
the first n — 1 partial derivatives of ¥ o ¢~ at ¢(q) exist, and are linearly independent.
We want to show that the n-th partial derivative of 1 o ¢! at ¢(q) exists. Consider the
limits NP .

w200 O]+ ten) — il a)

t—0+ t

The limit w;" exists, because we can write ¢o¢~! as a composition of two smooth functions
as follows:

V067 s@no = (W ou e @lig) ™) o (oue (@l g ™)™

107



Likewise w,, exists, since
Yo <Z571|¢3(L2(Q)r10) = (Youz0 (¢|L;1(0))71> o(potgo (¢|L;1(0))71)71>

Both w;} and w;, are orthogonal to w; for j = 1,...,n — 1, and they have norm 1 with
respect to (1»1)*(g). Finally, note that w;, w, € H, since

PV Nu(@)) =+»(V)n Hy,

so w;m = w, . We infer that the limit

w, = lim ° o (o([4,q]) + ten) — v([4, q))

t—0 t ’

exists and is equal to w;", so the n-th partial derivative of 1) o qg_l at ¢(q) exists. It is
easy to see that 1) o ¢! is in fact C'' on a neighbourhood of ¢(q) = ¢([j, q]). The partial
derivatives wy, . .., w, form a basis of R", so by the inverse function theorem, there exists
an open neighbourhood W C R™ of ¢(gq) such that 1 o gz~5*1|W is a diffeomorphism onto
an open subset of R”. But then W := ¢~'(W) is an open neighbourhood in Double(Q)
of [f,q] such that W C UNV and ¢ o ¢~ oy is a C'-diffeomorphism. This establishes

uniqueness of D. [ |

Now that we have defined a differentiable structure on the double of the configuration
space, we would like to consider motion of a particle moving on Double(Q). The idea is
that we can now lift motion on @ to motion on Double(Q). Of course, when one talks
about motions of particles, one is naturally lead to ask what happens at the level of
cotangent bundles. We will now describe a construction that is almost identical to the
construction of the double of a manifold, namely the double of the phase space M = T*Q).
Indeed, this construction is the primary motivation for our study of fibre bundles over
manifolds with boundary.

Let (@, Dg, g) be a Riemannian manifold with boundary, let M be its cotangent bundle,
take two copies M; and My of M, and form their disjoint union M; LI M,, as in our
construction of Double(Q) above. Again, we leave the interiors of both copies untouched
and glue the boundaries together, but now in a slightly different way.

Let (p,q) € Bound(M), let (U, ¢) be a chart of ) such that ¢ € U. Construct a chart
(U, ¢) on Double(Q) as in the proof of the Theorem Then (:71(U), pory) is a chart
on Q. This chart induces a chart ((¢; o 7)~*(U),®) on M, where 7: M = T*Q — Q is
the canonical projection. Moreover, let r: R” — R™ be the reflection in the hyperplane
orthogonal to the n-th standard basis vector, as defined in equation (/5.1)).

Now let (£, ) := ®(p,q) € R" x (R"! x {0}). We define an equivalence relation ~
on M, LI My by

(17 (pu Q>> = (1,@_1(5,1‘)) ~ (27 (I)_I(T(f),l’)).

5.1.8 Lemma. The above relation is independent of ((1yom) " (U), ®), i.e. the equivalence
class [(1, (&, x))] only contains (1, (&, x)) and (2, (r(§),x)).
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Proof. Let (Uy, ¢1) and (Uy, ¢2) be two charts such that ¢ € UiNU2NBound(Q), construct
charts (Uj, ¢;) on Double(Q) such that ¢ € Uy N Us, and subsequently define charts
((¢e1 o)~ HU;), ®;) on M. Now let (&, 2;) := ®,(p, q) for j = 1,2. We must show that

q’fl(r(fl)a T1) = @51(r(52), 73).

By definition of the tangent space at g € ), we have

[ (), 2 0 1), 62 0 6715, 5 sy (@) @] = [ (), 1 0 1), ],

for each v € R™. Let A be the matrix associated to the linear map qgg o éfll

o :51(01ﬁ02)(x1>'
From the definition of the charts (Uj, ¢;), j = 1,2, and part (3) of Propostion , that
both R"™! x {0} and the subspace of R" spanned by e, are invariant subspaces of this

linear map, so A is of the form

where A is an invertible (n — 1) x (n — 1)-matrix. But then, using elementary linear
algebra, we find that & = (A71)*¢y, so

r(&) =r((A7)"6)

1 0
_ Ay
. 0 S|
-1 0 01
0 1
0 . &
0o ... 0 1 —1
= (A7)r(&),
and it follows that ®;'(r(&1), z1) = @51 (r (&), 22), as desired. [ |

5.1.9 Definition. We call the space M; U M,/ ~ with the topology associated to taking
the disjoint union and the quotient the double of the phase space of (), and write it as
PDouble(Q).

The next step is to introduce a differentiable structure on PDouble(Q). As in the
case of Double(Q)), we can define continuous inclusions «;: M < PDouble(Q), which
are homeomorphisms onto their images. We will only show how to define a chart on
k1 (Bound(M)) = ky(Bound(M)).

Let m: M = T*Q — @ be the canonical projection. Again, let (py, o) € Bound(M),
let (U, ¢) be a chart of Q such that ¢, € U, and construct a chart (U, (Z;) on Double(Q)
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as in Theorem , with [1,go] € U. As before, the chart (:71(U), do1) on Q induces a
chart ((vyom)~"(U), ®) on M, which allows us to define a chart (,_, , #;(t1 om) HU), D)
on PDouble(Q) as follows:

Let (p,q) € (11 0m)~"YU), let (€,x) :== ®(p,q) € R” x H,. Then we define

®: (yomoP) Y (U) - R" xR”

by
&([j, (p, 9))) := { gg){r w Ty

The following theorem relates PDouble(Q) to T*Double(Q):

5.1.10 Theorem. Let (Q),Dg, g) be an n-dimensional Riemannian manifold with bound-
ary and let (Double(Q), Dpoubie(q)) be the double of Q with the differentiable structure
from Theorem|5.1.4. Then the charts of the form (U,_, 5 kj(t10m)” YT, ®) defined above
determine a differentiable structure D that is smooth onJ,_, , r;(Int(M)) and continuous
on k1(Bound(M)). The inclusions k;: M — PDouble(Q) are smooth embeddings with re-
spect to this differentiable structure. Moreover, the map F': T*Double(Q)) — PDouble(Q),
given by

(p7 []7 q]) = []7 (po Tqu7Q)]7
is an isomorphism of vector bundles over Double(Q).
Proof. (I) First, let us prove that the charts defined above form an atlas of PDouble(Q).

Let go € Bound(Q), and pick two charts (U;, ¢;), j = 1,2, such that gy € U; N U;. Then
construct the following charts:

e (U;, ;) on Double(Q);

(
o (1] 1(UJ) (bJOLl) on Q;
° (
(

(1o m)~(U;), ®;) on M;
Uizy2 mil(t1 0 m)~HU)), ®;) on PDouble(Q).

We show that ®, o 7! is smooth at each point of
®, ( U ki((nom) (TN Uy N Pl(Int(Q))))> ;

i=1,2

and continuous on
P, o K1((t1 0 W)_I(Ul N0, N P~ (Bound(Q)))).
Suppose (&, z) € <:D1(Ui:172 Ki((t1 0 71')_1(01 N UQ))) N (R™ x H,). Then, we have
By 0 7L, 1) = Dy 0 @1 (,2) = ((A()71)E s 0 67 (),

where A(x) == (¢y 0 ¢71) (2).
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Now suppose (&,) € B1(Uy_y 5 #5((t107) " (01N 02))) N (R” x — H,). Define (¢',2') €
R™ x R™ by

(r(€),r(@)) = @20 &1 (€, ) = Po([2, @ H(r(€), 7(2))]),
so that [2, ®71(r(€),r(2))] = [2, D5 (r(€),r(2"))], and therefore

(€',2") = @20 @1 (r(€), 7(x)) = ((A(r(2))) )7 (&), 62 0 61 (r(2))).

If g € Qand y € H, satisfy 61([1,q]) = y, then ¢1([2,q]) = r(y). Thus we obtain
$2 001 (r(z)) =r(dz2 0 07 (), s0

By 0Dy H(E, ) = (r(€),r(2") = (r(((A(r(2)) ™) r(€), 62 0 61 (2))-

The smoothness on &)1<Uj:1,2 #; (1 om) "N U, NT,N P~ (Int(Q))))) now follows from the
fact that ¢o o &1—1 and y — A(y) are smooth maps. The continuity on

P, 0 k1((e1 0 W)*l(ffl N0, N P~ (Bound(Q))))
is a consequence of the fact that

r(((A(r(2))) ™) r(6) = ((A(2)) 7)€,

whenever x € R" x {0}, which we already showed in the proof of Lemma
It is clear that the maps x; are smooth on Int(M). To see that they are smooth on
the boundary, observe that

)

P, ok;o0 = { (et O) ‘7 =1
! rX 7’|<1>1((Llow)—1(01)) Jj=2

where r X r is the map on R" x R" sending (§, x) to (r(&),r(x)).

(II)  Next, we will prove that F' is an isomorphism of vector bundles. Let us begin
by verifying that F is well defined. Let (po, [j1,9)]) = (po, [J2,%]) € T*Double(Q). If
qo € Int(Q), then j; = jo, and F' is well defined at (po, [J1, qo])-

Now suppose ¢o € Bound(Q), and let (U,¢) be a chart on @ such that ¢ € U.
Construct charts (U, ¢), (¢.71(U), dot), ((¢yom) HTU), ®) and (Uj1.0 55 (1 om) 1 (U)), D)
on Double(Q), @, M and PDouble(Q) respectively. Moreover, let (V, W) be the chart on
T*Double(Q) induced by (U, ¢). Then we have

O([1, (po 0 Ty, 90)]) = (o © Ty, q0) = (&, 7o),

where zo = ¢(qo) € R"! x {0}. On the other hand, we have

(I)([27 (po © TQOL27 QO>]) = (T(€6)7 7‘(130)) - (T(f(/J)a $0),

where &) is given by
(&0 o) = P(po © Tyyt2, o) = P(po o Tyytr © ((qum)’l o Tyota), q0) = (r(&0), o),
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since ¢ o (L1|L_11Q) o1)0pt = 7|5 We infer that

@([17 (po © quLh QO)]) = (fo; $0) = 515([2, (po © qub2> QO)]),

so F'is indeed a well-defined map.

It is clear that F' maps the fibre of T*Double(Q) over [j, ¢o] to the fibre of PDouble(Q)
over [7,qo], and that the restriction of F' to the first fibre is a linear map. F' is injective,
because Tj,¢; is surjective for j = 1,2, and F' is surjective, because T}, ¢, is invertible for
j=1,2.

It remains to be shown that F' is a diffeomorphism. Since F' is bijective, it suffices to
show that F' is a local diffeomorphism at each point (po, [7, qo]) of T*Double(Q). This is
easy to see if ¢y € Int(Q), so we shall only bother with the case ¢y € Bound(Q). Note
that

pouo(dou) ! =1d|5, 1), and oo (pou)™ =75, 1),

so, looking at the corresponding maps between cotangent bundles, we obtain
U o (Ll)* e} @*1 — Id‘cb((“oﬂ—)—l([]'))a and ¥ o ([,2)* ¢) @*1 = (T’ X T)l@((uorr)_l([:f))?

where (i).: M — T*Double(Q) maps (p,q) to (po (Tye;)~', [j,q]) for j = 1,2, Let
(&,x) € U(V). Then there are two possibilities:

e z € H,: then (§,7) € ®((t; o) H(U)). Let (p,q) := ®71(&,x). Then

U 2) =0 o (Vo (n). 0@ )(&a) = (po (Tu) ' [14),

SO

doFol ! (&,x)=DoF(po(Tyn) ", [1.q) = ([L, (p.q)]) = ®(p.q) = (&, 2).

e v € —H,: then (r(&),r(x)) € ®((t; om) " 1(U)). Let (p,q) := D~ (r(£),r(z)). Then

boFoU ' (&,x) =00 F(po(Tyus)",[2,q]) = ®(12, (p,9)]) = (& 2).

Thus we obtain
o Fol ! =TIdyw,

so Fis indeed a local diffeomorphism at (po, [, qo])- [ |

The above theorem has a nice physical interpretation: given a curve in 7T*Double(Q)
passing from T%11(Q) to T*15(Q), the local momentum coordinate associated to the di-
rection perpendicular to the boundary will undergo a sign change, and the sign of the
derivative associated to the local position coordinate will be reversed accordingly. This
type of behaviour is characteristic for particles colliding elastically with the boundary, as
the sign changes ensure that the curve satisfies the law of reflection.
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5.1.2 Completeness

We have constructed the double of a Riemannian manifold with boundary, and we have
seen that it is a manifold with empty boundary. Since the boundary was the main obstacle
for geodesic completeness, we may now ask whether the Riemannian double is complete.

In general, the answer is no: one obvious counterexample is the open interval [0, 1)
with the canonical metric. Its Riemannian double may be identified with | —1,0]U[0, 1[=
| — 1, 1] with the canonical metric, which is not geodesically complete. This is, of course,
a poor counterexample. By the Hopf-Rinow theorem (Theorem , a connected Rie-
mannian manifold is complete as a metric space if and only if it is geodesically complete.
Our original manifold with boundary [0, 1] was not complete to begin with, so one cannot
expect its double to be complete. Indeed, we have the following fact:

5.1.11 Proposition. Let (Q),Dg,g) be a connected, nonempty Riemannian manifold
with boundary, and let (Double(Q), Dpoubie(Q), gpouble(q)) be its Riemannian double.

(1) The Riemannian double is connected if and only if Bound(Q) is nonempty.

(2) Assume that Double(Q) is connected, and let d be its Riemannian distance function.
Then the map d: Q x @ — [0,00), given by

d(qI;QQ) = d([17q1]’ [17(]2])7

1s a distance function on @), and the associated metric topology is the topology on

Q.

(3) (Q,d) is a complete metric space if and only if (Double(Q),d) is a complete metric
space.

Proof.

(1) We have shown in Proposition that the maps ¢;: () — Double(Q)) are topo-
logical embeddings for j = 1,2, so 11(Q) and t5(Q) are connected because ) is con-
nected. If Bound(Q) is nonempty, then ¢1(Q) and 15(Q) have a nonempty intersection,
so Double(Q) = 11(Q) U 12(Q) is connected. On the other hand, if Bound(Q) is empty,
then ¢1(Q) and 2(Q) are both nonempty clopen subsets of Double(Q), so Double(Q) is
disconnected.

(2) Note that d is well-defined, because Double(Q) is connected. From the fact that the
map d is a distance function on Double(Q), it is readily seen that d is a distance function
on (.

Let us call the topologies on ) and Double(Q) given by the manifold structure the
manifold topologies of these spaces. It is clear that the map ¢ is an isometry from (@, cZ) to
(11(Q), duy () %11 (@), S0 the map ¢; is a homeomorphism from @ to ¢;(Q) with their respec-
tive metric topologies. It follows from Proposition that ¢1 is also a homeomorphism
from @ with its manifold topology to ¢1(Q) with the subspace topology induced by the
manifold topology on Double(@)). Now, the manifold topology on Double(Q) is precisely
the metric topology by Proposition [£.3.18| It is a well-known fact from general topology
that the subspace topology induced by the metric topology on some subspace of a metric
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space is equal to the metric topology induced by the restriction of the distance function
to that subspace, so the metric topology on ¢1(Q) is equal to the manifold topology on
11(Q), and consequently, the metric topology on @ is equal to the manifold topology on
Q.

(3) First suppose that (Q,d) is complete. The subset ¢1(Q) is a closed subset of Q, so

(t1(Q), du, (@)xu1 (@) 1s & complete metric space. The map ¢1(Q) is an isometry from (@, d)

) Ll

to (¢1(Q), du,(Q)xu (@) by definition of d, so (Q,d) is complete.

To prove the converse statement, suppose (@, CZ) is complete, and let ([jk, qx])ren be
a Cauchy sequence in (Double(Q),d). Then there exist infinitely many k& € N such that
Jk = 1, or there exist infinitely many &£ € N such that j, = 2. Without loss of generality,
we may assume that there exist infinitely many & € N such that j, = 1, and in this
way, we obtain a subsequence ([1, ¢y, ])ien of ([jk, @k])ren. This subsequence is a Cauchy
sequence in (Double(Q), d) because ([jk, qx])ren is a Cauchy sequence, so the sequence
(gr, )ien is a Cauchy sequence in (Q, cZ) Since (Q,ci) was assumed to be complete, the
sequence (gx, )ien has a limit ¢ € Q. It follows that ([1, gg])ien converges to [1, ¢, and
since ([jk, qx))ken is Cauchy, it follows that limg_,oo [k, gx] = [1,¢]. Thus (Double(Q), d)
is complete. |

In general, one does not know the metric d on Q@ explicitly. However, if () is compact,
then we know that (@, CZ) is complete, because the metric topology is the same as the
manifold topology on Q.

Even if the manifold with boundary () with metric d is complete, this does not
guarantee that Double(Q) is geodesically complete. Indeed, given a pair ([j,q|,v) with
[j,q) € Double(Q) and v € Tj; gDouble(Q), it is possible that there is no unique curve
through [7, ¢] with tangent vector v satisfying the geodesic equation.

As a counterexample, consider the closed unit disc D C R2. This set is compact,
because it is a closed and bounded subset of R? so (D, ci) is complete. The disc is of
course a subset of another Riemannian manifold, namely R? with the canonical metric.
The geodesic corresponding to the pair ((1,0),(0,1)) is the curve t — (1,¢), but the
intersection of the image of this curve with D is just the point (1,0), so there is no way to
properly define the geodesic in D corresponding to the pair ((1,0), (0,1)). More generally,
if the boundary of the manifold is ‘convex’, then one does not have local existence of the
geodesic.

In contrast, consider a compact set that is locally ‘concave’, such as the subset of R?
depicted in figure 2]

Here, there are multiple straight lines through a given point. In other words, we do
not have local uniqueness of the geodesic.

The reason that geodesics exhibit this pathological behaviour is that the Riemannian
double (Double(Q), Ppouble(Q)s Ipouble(q)) is in general not a Riemannian manifold; in
particular, the Riemannian metric gpouble(@) i not smooth on the boundary, but merely
continuous. Thus the Christoffel symbols (cf. Proposition are not defined there,
and consequently, the geodesic equation makes no sense.

We will work towards formulating a condition on the metric at the boundary that
will provide some degree of smoothness of gpouble() on the boundary. Firstly, note that
the notion of a geodesic as formulated in Definition |4.3.§ can be extended to Riemannian
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12(Q)
(a) The configuration space Q. (b) The particle starts on ¢1(Q).
u(Q) n(Q)
12(Q) 12(Q)
(¢) When the particle is on the em- (d) When the particle ‘leaves’ the
bedding of the boundary, it is on both boundary, there are two possible
11(Q) and 12(Q). paths.

Figure 2: A particle, in these pictures represented by the red dot, moving on the double
of some manifold () with boundary.
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manifolds with boundary using local extensions of the metric obtained by applying the
method described in Lemma and that this notion is independent of the particular
extension.

Secondly, we have already seen in part (4) of Proposition that the boundary
of the n-dimensional manifold () can be endowed with a canonical differentiable struc-
ture turning Bound(Q) into an n — 1-dimensional manifold with empty boundary. The
Riemannian metric on @) can be restricted to a Riemannian metric on Bound (). More
precisely, the metric on Bound(Q) is the pull-back of the metric g under the inclusion
map Bound(Q) — @, so Bound(Q) can be given the structure of a Riemannian manifold.

5.1.12 Definition. Let (Q),Dg,g) be a smooth, n-dimensional Riemannian manifold
with boundary, let (Bound(Q), Dpounda(Q@), 9Bound(®)) be the boundary with the induced
structure of a Riemannian manifold, and let ¢y € Bound(Q). We say that the boundary
of Q is totally geodesic at qo iff for each v € T, Bound(Q), there exists an ¢ > 0 such
that the geodesic v: | — ¢,e[— Bound(Q) in Bound(Q) with 7(0) = ¢o, and +'(v) is also
a geodesic in Q.

We say that the boundary Bound(Q) of @ is totally geodesic iff it is totally geodesic at
each point of Bound(Q).

5.1.13 Proposition. Let (Q,Dg,g) be a smooth, n-dimensional Riemannian manifold
with boundary, let (Double(Q), Dpouble(q), Ipouble(@)) e its Riemannian double, let qo €
Bound(Q), and suppose that Bound(Q) is totally geodesic at qo. Then gpowvle(q) i C* at

[17 QO]'

Proof. In view of our construction of the differentiable structure on Double(Q) that we
outlined in the proof of Theorem [5.1.4] we can assume without loss of generality that
() is a convex open subset of H,, and that ¢y = 0. Moreover, each curve of the form
t — (z,t) € Q, where z € R"” and t > 0, is a geodesic. Finally, writing g;x(q) =
gq(€ej,er), where eq,. .., e, is the standard basis of R", we have g;,(q) = ¢n;(q) = 0jn
for j = 1,2,...,n and for each ¢ € Bound(Q) = Q N (R"* x {0}), and therefore also
9"(q) = 9" (q) = djn.

The double of @ can now be identified with the set @ U r(Q), where r: R" — R" is
the reflection in the hyperplane perpendicular to the n-th standard basis vector (with
respect to the standard inner product on R™). The Riemannian metric gpouple iS now an
extension of g. Slightly abusing notation, its components will be denoted by g;x(q). Note
that

9i(r(@)) = gir(@);  gin(r(@)) = =gin(@);  grn(r(a)) = gnn(q),
for j,k = 1,2,...,n—1 and ¢ € Q. From the smoothness of g on @, it is clear that
each of the components g;;, of the Riemannian metric is partially differentiable up to any
order in the directions eq,...,e,_1 at 0. We must show that they are differentiable at 0

in the direction e,, i.e. their normal derivatives exist up to second order.
Let v: ] —&,e[— Double(Q) = Q Ur(Q) be the curve t — (0,0,...,0,t), where ¢ > 0

is sufficiently small. Define the following one-sided derivatives for j,k =1,2,..., n:
09 . gik(¥(t) — g;x(0)
=1 .
50z V) = B ;

Note that these derivatives exist, since the Riemannian metric g on @) is smooth. The
function | — e,¢[3 t — g;i(y(t)) is odd for j =1,2,...,n —1 and kK = n, or j = n and
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k=1,2,...,n—1, so in these cases, gijg (0) = gii_f (0), which implies that %‘g: (0) exists.

The function | —¢,e[> t — g;i(y(t)) is even for j,k=1,2...,n—1, or (j, k) = (n,n), so
9y 9y
——(0) = —=——(0).
81:;[( ) 8:57;( )

which implies that the limit
i 96 (V1) = 931, (0)

t—0 t ’

exists and is equal to 0 if and only if one of the corresponding one-sided limits vanishes.
Let us begin by showing that %gsc—”f(O) vanishes. We will denote the canonical local
frame on @ by ey,...,e,. In view of Lemma [5.1.3] we can find a metric § on an open

neighbourhood of 0 that coincides with g where their domains overlap. We now have

OGnn O
oxf (0) = oz,

(9(en; €n))(0) = Go(Ve,en(0), €n(0)) + go(en(0), Ve, en(0)) = 0,

where V is the Levi-Civita connection associated to g. Here, in the second step, we used
the compatibility of this connection with the Riemannian metric and in the third step,
we used the fact that v is a geodesic such that 7/(0) = e, (0). Thus %{C—T(O) = 0.

Next, we show that g‘fg (0)=0for j,k=1,2,...,n—1. Let g be as in the previous
paragraph. Suppose 7: | — & ] is a geodesic in Bound(Q) such that (0) = 0. Then it
satisfies the geodesic equation for Bound(Q), so for l =1,2,...,n — 1, we have

n—1n-1
7(0)+ ) Th(0)3(0)7,(0) = 0.
j=1 k=1

The manifold ) was assumed to be geodesically complete, so 4 also satisfies the geodesic
equation for ), which reads

F(0)+ D> Th(0)75(0)7:(0) = 0,

=1 k=1

for { =1,...,n. The curve ¥ satisfies both equations, and 4, (t) = 0 for each t €] — &, £,
o)

> D Ti(0)3;(0)74(0) = 0.

j=1 k=1
Now, for each vector v € R", we can find a geodesic 4 in Bound(Q) such that 5(0) = 0
and 7/(0) = v, so I'};(0) = 0 for j,k =1,...,n — 1, since I'}; = T'};. On the other hand,
we have

n _1 - ~nl % aglk _8gjk
0 = 5 35" (5240 + G0 - 2

2
=1
_ 1 (9 OGnk ;v OGjk
2 <8xk (0)+ Oz, (0) ox,, (0)
109G,
= _58_%(0)’
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since g™ (q) = gn;(q) = d,; for each ¢ € Bound(Q). Thus

dGijt dGjk
0)==22(0)=0
St (0) = 52 0) =0
and it follows that the metric gpouie(q) 18 Ct at 0.
Next, we show that gpoubie(q) is actually C? at 0. Note that the mixed partial deriva-

tives BTZ%];” (0), with j,k =1,2,...,nand [ = 1,2,...,n — 1 exist, because the partial
derivatives of the form %(q) exist for each ¢ € Bound(Q), and because the Riemannian

metric g on () is smooth. Therefore, it suffices to show that the partial derivatives 6825%]“ (0)
exist for j,k=1,2,...,n. !
This is easily done if j,k =1,2,...,n— 1 or (j,k) = (n,n). Indeed, in that case, we
observe that the function o
9jk
—g et —— (1)),
|- celp t o S (0(0)

gg”" existsfor{ =1,2,...,n—1.
Tn

is odd, and repeat the argument that we used to show that

Now we show that %(q) =0for j =1,2,...,n — 1 and for each ¢ € Double(Q).

Clearly, this implies that 8;;’%" (0) exists and is equal to 0. First observe that the argument

showing that %‘;—"f(()) = 0 can be easily modified to prove that %ic—":(q) = 0 for each

q € Double(Q). Since gn,(q) = 1 for each ¢ € Bound(Q), it follows that g,,(¢) = 1 for
each ¢ € Double(Q), since @ is convex. Thus g,, is constant, and we infer that

OGnn
(9.1'3‘

(q) =0,

for each ¢ € Double(Q®). On the other hand, we have

OGnn N
@x] (q) - 2gq<vejen(Q)7 en(Q))v
Moreover,
venej (q) = vej€n<q) + [eTL? 6]](Q) = vejen(Q)7
SO
0Gin . - -
a;n (q) = gq<vene]’(Q)7 en(q)) + gq(ej<Q)a Ve,en(q)) = gq(vejen@)’ en(q))
110G, |
This proves the assertion, and we conclude that gpouble(g) is C? at qp. [ |

5.1.14 Corollary. Let (Q),Dg,g) be a compact connected Riemannian manifold with
nonempty totally geodesic boundary, and let (Double(Q), Dpouble(Q) gDouble(Q)) be its Rie-
mannian double. Then Double(Q) is geodesically complete.
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Proof. The manifold @ is connected and its boundary is nonempty, so Double(Q) is
connected by part (1) of Proposition . Thus we can define the Riemannian distance
function d on Double(Q), as well as the corresponding distance function d on Q. The
metric space (Q,d) is compact by part (2) of Proposition , so it is a complete
space. It follows from part (3) of the same proposition that (Double(Q), d) is a complete
metric space. Now () has a totally geodesic boundary, so the metric gpouble(q) 18 C? by
Proposition Hence (Double(Q), Dpouble(Q)s Ipouble(q)) is a geodesically complete
Riemannian manifold by the Hopf-Rinow theorem. |

5.1.15 Example. In the following examples, we endow the subsets of R"™ with the Rie-
mannian metric inherited from the canonical metric on R”.

(1) If I € R is a bounded, closed interval, then its boundary consists of two points
and is therefore trivially totally geodesic. Consequently, the double is geodesically
complete. Of course, the double is isomorphic (as a Riemannian manifold) to a
circle whose circumference is twice the length of 1.

(2) If I C R is a closed half-line, say I = [0, 00|, then its boundary is of course also
totally geodesic. Although [ is not compact, the double of [ is isomorphic to R and
hence geodesically complete.

(3) Let Q := S%N Hs, that is, @ is the closed northern hemisphere in R3. Tts boundary
is a great circle, and curves traversing great circles with constant velocity are known
to be geodesics, so () has a totally geodesic boundary. Consequently, its double is
geodesically complete. Obviously, the double of @) can be identified with S2.

5.2 Phase space as an orbifold

We shall now further investigate the relation between the configuration space of a particle
and its phase space. Let (@, Dg, g) be a Riemannian manifold with boundary. We regard
() as the configuration space of some particle. One would expect that its phase space is
M = T*(@). However, if one wants the motion of the particle to be complete, then we have
already seen that it is better to consider the motion of the particle on () as the projection
onto @ of some curve on Double(Q). This poses the question whether the same can be
done for the associated curve in phase space. Note that, although there exists a canonical
continuous, open map P: Double(Q)) — @ projecting the double of @) onto @, we do not
have such a nice map PDouble(Q)) — T%Q. Thus we must try something else.

Observe that the group Z, = {41} acts canonically on the space PDouble(Q): the
nontrivial element —1 interchanges [1, (p,q)] and [2,(p, q)] for each (p,q) € T*Q. Let
Meonision := PDouble(Q)/Zsy be the associated space of orbits. Then Mcopision 18 very
similar to 7@, except that for each point ¢ € Bound(Q) of the boundary, one ‘loses’ half
of the cotangent space T;(). In particular, the resulting object is in general no longer a
manifold, but belongs to a larger class of objects known as orbifolds, which, informally
speaking, are topological spaces that are locally homeomorphic to R” modulo a finite
group action. For a more precise definition, we refer to [20, pp. 6-7].

Take for instance @ = [0, 1], and identify 7*Q with R x Q. Then [1, (p, ¢)] is identified
with [1,(=p,q)] = [2,(p,q)] for ¢ = 0,1. While studying the motion of a particle on
[0, 1] colliding elastically with the boundary, we saw that when a particle reaches the
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boundary, its momentum was ill-defined. The identification of [1, (p, q)] with [1, (—p, q)]
resolves precisely this problem! In this way, we can regard Monision as the phase space
of a particle with configuration space () that elastically collides with the boundary of Q).
Note that this does not just work for @ = [0, 1], but for any arbitrary configuration space
Q.

In the case of @ = [0, 1], the action of Z, defined above is not the only possible action.
The configuration space possesses a symmetry, namely the reflection r 1 [0,1] — [0,1],
given by q — 1 — ¢, which induces a map T*Q) — T*Q given by

(p,q) = (o Tyry ' 1 (a)),
which corresponds to the map R x ) — R x @) given by

(p,q) = (=p, 1 —q).

The isometry 1 gives rise to another action of Zy on PDouble(Q), where —1 sends
[1,(p,q)] to [2,(—p,1 — ¢q)] and [2,(p,q)] to [1,(—p,1 — q)]. Let Mperiogic be the corre-
sponding quotient space. Under the canonical projection PDouble(Q)) — Mperiodic, the
point [1,(p,0)] is identified with [1, (p,1)] = [2,(—p,0)] for each p € R. But this iden-
tification reflects exactly the discontinuity that we saw in our study of periodic motion
on the interval, so Mperiodic can be understood as the phase space of a particle on )
exhibiting periodic motion.

However, not every type of dynamical behaviour corresponding to some self-adjoint
extension of —%A as i — 0 can be obtained by modding out PDouble(Q) to some action
of the group Z, on that space in the way we did for Mconision and Mperiogic. Indeed, we
shall now construct a counterexample.

Let I, :=|ay,b| and I :=|ag, by| be two intervals, and assume that b; < as. Let
I:=1 Ul let I' :=]a; + ag, by + by[, let a: T — I’ be the map given by

T+ a9 :)361_1,
T —
r+b x €l

and let F': L*(I") — L*(I) be the map given by ) — 1 o al;.
5.2.1 Lemma. For each m € Ny, the restriction of F' to H™(I') is a unitary map onto
Vi o= { € H™(I): v®(ag) = ™ (b)) for k=0,1,...,m — 1},

with respect to the Sobolev norm on both spaces. Furthermore, we have F(yp*)) = F())®)
for each € H™(I') and k =0,1,...,m — 1.

Proof. One readily verifies that F' is a unitary map from L?*(I') to L*(I). Now let ¢ €
HY(I'), and let ¢ € C5°(I). From the fact that F' is unitary and that

Poallp=(poal|p),

we infer that

[rwdo= [ o do= [ oy =~ [ wFie) o

— - [Pw)pds, p

I
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so F(y) € H'(I), and F(¢) = F(¢'). Since v € H'(I') C C(I"), we have F(¢) € V;.
Now let ¢ € Vi, and let ¢ € C§°(I’). Using the same facts as in the previous
paragraph, and applying the integration by parts formula (Lemma |1.2.5)), we obtain

b1 b2

| P do= [orey o= [Topeyaes [ TRy ds

ai az

b1 b2
=— | Y'F(p)dz+d0)F(p)(b1) — [ ¢'F(p)de —(az)F(p)(az)

az

- / ﬁ(@ dr = / P d

Thus F~! maps V; into H'(I'), so the restriction of F' to H'(I’) is an injection with image
V. It can now be shown with a straightforward induction argument that F' restricted to
H™(I') is an injection with image V,,, and that F(1))® = F(y®)) for each v» € H™(I")
and k = 0,1,...,m — 1. Finally, using this fact and the fact that F' is a unitary map,
it is readily verified that F'|gm is a unitary map onto Vj,, with respect to the Sobolev
norms on both spaces. |

Let us employ this lemma to study the behaviour of a particular self-adjoint extension of
H=D?on I

5.2.2 Proposition. Let

Vii={¢ € H*(I'): ¢(ar + az) = ¢(by + bs), ¢'(a1 + az) = ¢/ (by + b2)},

be the domain of the realisation Hperiodic of H = D? on I' corresponding to periodic
boundary conditions, and let

Vi={¢ € H*(I): ¢(az) = ¢(br), ¢'(az) = & (b1), ¢lar) = ¢(ba), ¢ (a1) = &/ (b2)} © L*(1).

Then V' is the domain of a self-adjoint realisation H of H= D? on I. Furthermore, we
have F(V') =V, HF = F Hyeriodic, and

—itH —it Hperiodi
e F F e perlodlc,

Proof. Using Theorem [2.3.7/and Lemma [2.3.14, one readily verifies that V" is the domain
of a self-adjoint realisation H of H = D? on I. The equalities F'(V') =V and HF =
F Hyeriodic are immediate consequences of Lemma [5.2.1]

To prove the final identity, let (¢;);en be an orthonormal basis of L?(I’) consisting
of eigenvectors of Hperiodic With corresponding eigenvalues (E}) en. Because F' is unitary

and HF = F H periodic; the sequence (F(¢;));en is an orthonormal basis of L?(I) consisting

of eigenvectors of H with corresponding eigenvalues (E;);en. Hence, if ¢ =3, ¢, €
L2(I"), then for each t € R we have

eTEG =Y e F(e0) = 3 e P F(g;) = D Fen M (cyg)) = Fem Mg,

jeN jeN jEN

which proves the identity. [
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We infer that to obtain an appropriate model for the configuration space of the particle
carrying out the classical motion corresponding to H, we would have to remove the
boundary points of I by identifying a; and b; with by and as, respectively. If we set
Q) := 1, and take two copies Q; := {(j,¢): ¢ € Q}, j = 1,2 of ), then we can obtain that
space by defining an equivalence relation ~ on (1 U )5 by setting

(1,&1) ~ (Q,bg), (2,@1) ~ (1,1)2), (]_,CLQ) ~ (2,[)1), and (2,&2) ~ (1,b1),

taking the quotient (); U @2/ ~ and subsequently taking the quotient of the cotangent
bundle of this object with respect to the canonical Zs-action on that bundle. If I; and I
do not have the same length, we cannot obtain this space by modding out PDouble(Q)
to an action of the group Zy on PDouble(Q) involving some isometry of Q.

Thus the notion of the double of a manifold with boundary is not general enough
to construct all of the phase spaces on which we can adequately describe the complete
classical motion associated to a certain realisation of the Hamiltonian. Our discussion
in the previous paragraph suggests a way to generalise the construction of the double of
a manifold with boundary. The boundary of a smooth Riemannian manifold (Q,Dg, g)
with boundary is again a smooth manifold by part (4) of Proposition m, and the
pullback of ¢ under the inclusion map is a Riemannian metric, turning Bound(@) in a
Riemannian manifold. Now suppose that f is an isometry of this Riemannian manifold.
Then we can define a relation ~ on )1 L2 analogous to the one used in our construction
of Double(®), by (1,q) ~ (2, f(q)) for each ¢ € Bound(®). Since we want to define a
Za-action on the quotient Q Uy @ := Q1 U )2/ ~, we demand that 2= IdBound(Q)-

Using the fact that f is an isometry, one can now construct a differentiable structure on
QU@ in a way analogous to the construction of the differentiable structure on Double(Q))
described in Theorem [5.1.4, We leave it to the reader to formulate and prove Theorems
.1.4land [5.1.7, and Propositions [5.1.11| and |5.1.13|for Q Us @) instead of Double(Q). We
now define the phase space corresponding to f as 7%(QU; @) modded out to the canonical
Za-action on this cotangent bundle.

It is clear that if we take f = Idpouna(q), then @ Uy @ = Double(Q). If @ is a union
of closed intervals, then f is a permutation of order 2 of a finite set. Equivalently, f is a
product of disjoint transpositions. If () is a single closed interval, then the transposition
of the two endpoints corresponds to periodic boundary conditions. In our discussion of
the realisation H of H = D? on the interval I, the constructed space would correspond
to Q Uy @, where f is the map that sends a; to by and vice versa, and as to b; and vice
versa.

Of course, we can try other permutations as well:

5.2.3 Example.

(1) Let f be the map that transposes a; and as, and b; and by. Particles moving in
the corresponding phase space on [; in the positive direction would appear at bo
the moment that they reach b;, and continue to move across I, with the same
magnitude of velocity, but in the negative direction. Upon reaching as, they would
appear at a; and again move in the positive direction across 1. In this case, there is
a self-adjoint realisation that generates this type of dynamics as well, with domain

{o € H*(I): ¢(a1) = d(az), ¢'(a1) = —¢'(az), d(b1) = d(ba), ¢'(b1) = —¢'(b2)}.
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One can relate the unitary evolution group to the unitary evolution group of Hperiodic
on I’ in a way much like the one presented in Lemma and Proposition [5.2.2]

except one has to replace the map o with the map : I — I’ given by

L J et x €I,
by +by+ay—x x€ Iy,

and modify the map F' accordingly.

Let f be the map that transposes a, and by, and fixes a; and by. Particles moving
in the corresponding phase space on [y in the positive direction would appear at as
the moment that they reach by, and continue to move across I, until they reach bs,
where they collide elastically with the boundary. Similarly, if a particle was moving
in the negative direction towards ay, then it would also collide elastically with the
boundary upon arrival at a;. One of the self-adjoint realisations that generate this
type of dynamics has domain

{0 € H*(I): ¢(az) = ¢(br), ¢'(az) = ¢'(b1), ¢'(a1) = ¢(ba) = 0}.

One can relate the unitary evolution group to the unitary evolution group corre-
sponding to the extension of H on I’ associated to Neumann boundary conditions
in the same way as in Lemma [5.2.1{ and Proposition [5.2.2]

If f sends aq to by and vice versa, and leaves as and by fixed, then particles on I; will
move periodically across that interval, whereas particles on I will collide elastically
with the boundary. There is also a self-adjoint realisation H of the Hamiltonian on
I that realises the quantum mechanical equivalent of this behaviour, with domain

{6 € HX(I): ¢(ar) = ¢(b), ¢'(ar1) = ¢'(br), ¢'(az) = ¢/ (ba) = 0}

To see that this self-adjoint extension does indeed generate the described type of
dynamics, we cannot use the same approach as in the previous examples, however.
Instead, note that the domain of H is the direct sum of two domains of self-adjoint
extensions H; and Hy, of H on I, and Iy, respectively. The realisation H; cor-
responds to periodic boundary conditions, whereas Hy corresponds to Neumann
boundary conditions. For k = 1,2, let (¢ j)jen be orthonormal bases of L*(I}) of

eigenvectors of ;Ivk Then (¢r,;)k,j)e{1,2yxn is an orthonormal basis of L3(I) eigen-
vectors of H, where we have identified ¢ ; € L?(I;) with its extension by zero to

1. It follows that for each t € R, we have

—itHo

—itH —itH;
=e 'p1te D2,

e

where py, is the orthogonal projection onto L?(1}) for k = 1,2.

Similarly, one can examine all other possible permutations and find corresponding self-
adjoint realisations, and do the same thing for configuration spaces consisting of any
finite number of disjoint closed intervals. The following theorem shows how to define
these self-adjoint realisations:
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5.2.4 Theorem. Let m € N, fiva;,b; € R witha; <b; forj =1,2,...,m, and b; < aj4,
forj=1,2,....m—1, and let I := J;_ ]a;, b;[. Moreover, let

2m = {k € N: k < 2m},

let h be the unique monotone increasing bijection from 2m to I, and let f be a permuta-
tion of OI of order 2. Then the extension H; of H = D? on I with domain D(H;) given

by
{¢ € HX(I): (=1)M P (h(j)) = (=1)F* ROV (foh()) for j € 2m and k = 0,1},
15 a self-adjoint realisation of H.

Proof. Let (Vi,wy) be the endpoint space of H, and define the linear isomorphism
or: Vi — C* by

(¢7 Hmax¢) = (Qb((]q), Qb,(al), ¢(bl)7 ¢/(b1)7 R ¢<am)7 ¢/(&m), ¢(bm)7 ¢/(bm))

Furthermore, let

define the 4m x 4m-matrix B by

M

and define the complex symplectic form w on C*™ by
w(c,d) := c"Bd.
From Theorem and Lemma [2.3.14], we infer that for each u,v € Vi we have

W(QH(U)v QH('U)) = WH(U’ U),

so there is a bijective correspondence between Lagrangian subspaces U of (C*™ w) and
self-adjoint extensions Hy of H given by

D(Hy) :={¢ € H*(I): on © pv;, (¢, Hmax®) € U},

where py,, is the orthogonal projection of L*(I)? onto V.
Now let ey, es, ..., eam be the standard basis of C*™. For each j € 2m and k = 0, 1,

let

l)k(h_lofoh(j)+1)

Uik = (—1)kj€2(j—1)+k+1 — (= €2(h—1ofoh(j)—1)+k+1s
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let
Sp=Avjk: j €2m, k=0,1},

and let Uy be the subspace of C*™ spanned by S}, so that Hy, = Hy. Then for each
7 € 2m and each k = 0,1 we have

(*) Vi = (=1 vp-10fon ks

and if h(j) is a fixed point of f, then v;o = 0. It follows that dim(Uy) = 2m. Therefore,
to prove that Uy is Lagrangian, it suffices to show that Uy is isotropic. Since w is
sesquilinear, it suffices to show that for each j;, 7o € 2m and each ki, ky = 0,1 we have
W(Vj, k1 Vjoks) = 0. If k1 = ko, then this is obviously true, so let us assume that k1 = 0
and ko = 1. Then the only nontrivial cases left to check are j; = j» and j; = h=to foh(js).
From equation (4) we deduce that it suffices to investigate the case j; = jo =: j. Now
there are three possibilities:

e j=h"1o foh(j): then vjo =0, so w(vjo,vj1) = 0;
e j—h7lo foh(j) € 2Z\{0}: then

V5,0 = €2(j—1)+1 = €2(h—Lofoh(j)—1)+1s and

(—1)j7)j,1 = €3(j-1)+2 T €2(h—1ofoh(j)—1)+2>

SO

w(vj0,v51) = (—1) (wlea—1)+1, €2(-1)+2) — W(€2(h—1ofoh(j)—1)+1, €2(h=ofoh(j)—1)+2))
(=) ((=1) = (=1)) = 0;
e j—h7lofoh(j)€2Z+1: then

V5,0 = €2(j—1)4+1 — €2(h—lofoh(j)—1)+1s and

(—1)jvj,1 = €2(j—1)4+2 — €2(h—lofoh(j)—1)+2>

SO

w(%,o; Uj,l) = (—1)j(w(€2(j—1)+1, 62(j—1)+2) + w(e2(h—1ofoh(j)fl)+17 eQ(h—lofoh(j)fl)JrQ))
(=1((=1) + (=1*) =0.

We conclude that Uy is isotropic, hence Uy is Lagrangian and Hy is a self-adjoint reali-
sation of H. |

5.2.5 Remark. Of course, the idea behind this theorem is that the unitary evolution
group associated to Hy corresponds to the complete classical motion on the orbifold
T*(I Uy I)/Z. Indeed, the three possibilities distinguished in the final part of the proof
correspond to the following three cases, respectively:

o If a; (b)) is a fixed point of f for some | € N with [ < m, then we impose the
Neumann boundary condition ¢'(a;) = 0 (¢'(b;) = 0) at this point. As a result,
particles moving towards this point will collide elastically with the boundary when
they reach it.

125



o If f transposes a;, and a;, (b, and b, ), then we impose the boundary conditions
od(ay,) = ¢lay,) and ¢'(ay,) = —¢'(ay,) (likewise for b, and by, ), so that any particle
reaching either a;, or a;, will appear at the other point and continue to move in the
opposite direction.

e If f transposes a;, and by, then we impose the boundary conditions ¢(a;,) = ¢(by,)
and ¢'(a;,) = ¢'(by,), so that any particle reaching either a;, or b, will appear at
the other point and continue to move in the same direction.

Using the same methods as in Example [5.2.3] one can check for each isometry f that the
above boundary conditions yield the described dynamical behaviour.

Up to now, our investigation of the relation between the orbifolds of the form 7(Q) Uy
Q)/Zs and the self-adjoint extensions of the test Hamiltonian has been motivated by
physical considerations only. It is worth noting that from a mathematical point of view,
there is also a reason why this relation is plausible. We have seen in the proof of part (5)
of Proposition that, given a hermitian operator 7' on a Hilbert space H, then

HQ - g<Tmin) s> VT 5> J(g(Tmln))7
and that self-adjoint extensions Ty of T' correspond to decompositions of Vi of the form
Vp=Ua® J(U),

where U is a Lagrangian subspace of (V7,wr). Now note that the map i.J satisfies (i.J)* =
Idyz, so it defines a Zy-action on H? that interchanges the subspace G(Tyy) = G(Tiin) U
and its image under .J.

Now let us return to the case # = L*(I) and T = H = D? the test Hamiltonian on a
union [ of bounded open intervals. Since G(Hpyin) is the closure of C§°(I) with respect to
the inner product on L?*(I)?, we think of G(Hp,) as the part of G(Ty) corresponding to

I =1Int(]). In addition, we have seen that there is a natural relation between Vy and the
boundary 0I = Bound(/), suggesting that the choice of a Lagrangian subspace U C Vj is
related to the choice of some bijection of OI of order 2. These observations reinforce the

idea that orbifolds of the form 7*(Q Uy Q))/Zy are appropriate models of phase space.
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Conclusion and further research

Let us examine what can be said regarding the two problems formulated in the Introduc-
tion, beginning with the matter of completeness of the motion. Although we have only
studied a couple of the unitary evolution groups associated to the self-adjoint extensions
of an operator, when applied to our modified coherent states, none of the resulting states
displayed any form of incomplete motion. Instead, the dynamical behaviour was in some
sense an approximation to the behaviour of a classical particle moving on our modified
versions of phase space. Therefore, it seems more likely that the incompleteness of the
classical motion of a free particle is only apparent, rather than being a phenomenon
emerging in the classical limit.

As for the second problem, the non-uniqueness of physics, we have seen that different
self-adjoint extensions may indeed correspond to different types of physics. Even so, not
every self-adjoint extension produces completely different behaviour; in our MATLAB
simulations, we have only observed two radically different types of dynamics, and both
of them had classical analogues with different modified phase spaces; see our discussion
in section 5.2.

This of course prompts two questions. Firstly, does every self-adjoint extension of the
Hamiltonian yield a time evolution that in the limit h — O can be understood as a classical
motion on some orbifold T*(Q Ur Q)/Zs for some isometry f of order 2 of Bound(Q)?
According to Theorem and the subsequent remark, if () consists of finitely many
bounded intervals, then the answer to the converse of the above question is yes.

If the first question is answered postively, then the second question that comes up
is: which self-adjoint extensions exhibit the same limiting behaviour as h — 0, and what
determines their limiting behaviour? We believe that there are two different approaches
that one could take to answering this question. One would be to study the set of La-
grangian subspaces of the endpoint space (Vy,wpy) of the Hamiltonian, and see whether
there exists a ‘natural” partition that is in bijective correspondence with the set of isome-
tries of order 2 of the boundary of (). Another could be to examine the orthonormal
bases (¢)%2, of eigenfunctions associated to the self-adjoint extensions, and see whether
there is a correlation between the eigenfunctions ¢; corresponding to high values of j,
and the associated classical behaviour of the extension. In either case, one would most
likely have to resort to numerical simulations to study the problem.

Many other question still remain open. For instance, is it possible to give a com-
plete characterisation of the self-adjoint extensions of H when () is a bounded subset of
dimension n > 27 Furthermore, we have only shown how to define complete classical
motion on ) when () is a smooth Riemannian manifold with totally geodesic boundary.
The case in which the boundary of @) is not totally geodesic, or the more general case
where () has corners, have been left untouched. In the latter case, @) will no longer have
a Riemannian double that is a smooth manifold with empty boundary, making it much
harder if not impossible to define classical motion properly. In the former case, there is
some hope of salvaging some sort of classical mechanics on 7*(Q) Us Q))/Z2, although one
has to abandon the notion of point particle. One possible way to achieve this is outlined
in the appendix.
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Appendix: the Koopman-von Neumann formalism

Let (@,Dg,g) be a Riemannian manifold with boundary. We have seen in Proposi-
tion that the metric of its Riemannian double is C? if the manifold has a totally
geodesic boundary. This is a useful result, because it implies that the geodesic equation
has a unique solution given an initial position and velocity, and thus has a well-defined
Hamiltonian flow. Requiring that () has a totally geodesic boundary is, however, a strong
condition, especially if one realises that the set of points in T*@) for which the Hamilto-
nian flow is potentially ill-defined, is rather ‘small’. For example, if () is the closed unit
disk in R?, then we have already seen that particles at the boundary whose velocity is
parallel to the boundary do not have a well-defined trajectory; but particles with a dif-
ferent position or velocity could be given a well-defined trajectory, namely by demanding
that they collide elastically with the boundary.

This leads us to ask whether there is a way of defining classical motion that is unaf-
fected by this small set of ‘bad points’. In the disk example, the set of bad points has
measure zero, so objects that are defined up to a set of measure zero, such as elements
of L _(Q), may be suited for setting up a theory that provides us with some notion of
classical mechanics on Q). It is here that the Koopman-von Neumann formalism (cf. [I5
Section X.14]) becomes interesting. The starting point of this theory is the differential
equation

i
E_{H’f}’

with initial condition f(0) = fy on phase space, where H is the classical Hamiltonian, f is
some classical observable of a particle, and {H, f} their Poisson bracket. Assume for the
moment that (Q, Dy, ¢) is a smooth n-dimensional Riemannian manifold with boundary.
We can now take the same functional analytic approach that we used to examine the
Schrodinger equation: First, we multiply the above equation by 7. Now, let L be the
differential operator on L?(2) with domain C§°(T*Q), given by

oH &b oH 8(;5
(9pj aqj 8qj 8pj

Lo = {H,¢} = Z
The operator L is called the Liouwville operator. Notice that iL is formally self-adjoint.
By Corollary [2.2.13} it has a self-adjoint realisation ¢L. By Theorem there exists
a unitary evolution group (U(t)):cr with infinitesimal generator ¢L. Now suppose that
¢o € D(iL). Then, we have

d

7 (UB)00) = —iGiL)(U (£)60) = L(U(t)0),

where the derivative is taken with respect to the norm on L?*(Q), hence the solution to
our differential equation is R 3 t — ¢, := U(t)po € D(zz) If we now regard ¢, as a
mass distribution or probability density function, then the time evolution of ¢, is given
by t — ¢;, which is well-defined and complete!

What remains of this idea if the smooth Riemannian manifold with boundary (@, Dg, g)
is replaced by Q Us @), where f is an isometry of the boundary? The main problem is the
derivative gH in the definition of the Liouville operator. The classical Hamiltonian H is
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defined in terms of the metric, which, as we know, is in general not differentiable on the
embedding of the boundary in () Uy ), but merely continuous. However, this set is a set
of measure zero, so we may define the function L¢ at the boundary in any way we see fit,
since the Liouville operator is an operator on L*(T*(Q Uy Q)), whose elements are sets
of square integrable functions that are equal almost everywhere on 7%(Q Uy Q).

Thus we can employ the Koopman-von Neumann formalism to examine the time
evolution of an element ¢y € L*(T*(Q Uy Q)). Subsequently, we can define a version of
complete classical mechanics on 7*(Q Uy ())/Zs. Indeed, consider the map

P: L(T*(Q Uy Q) — LX(T™(Q Uy Q)/Z2)
that sends a function ¢ € L*(T*(Q Uy Q)) to the function T*(Q Uy Q)/Zy — C,

[, [1,q]] = &(p, [1,4]) + ¢(p,[2,4])-

Then, given a function ¢y € T*(QU;Q)/Zs, we can obtain a function ¢y € L*(T*(QU;Q))
that satisfies P(1g) = ¢, for example, by setting

i lia) = { g A=

study its time-evolution to obtain a function R 3 ¢ — ¢, € L*(T*(Q U; Q)) and finally
compose this function with the projection onto L*(T*(Q Uy Q)/Zs), i.e., ¢ := P(¢)) for
each t € R.

Nevertheless, there is one major drawback. We have shown that the operator iL
has a self-adjoint extension, but we do not know whether it is unique or not, and (to
the best of the author’s knowledge) no results regarding this specific operator have been
established so far. Moreover, we could have used the Koopman-von Neumann formalism
to immediately construct a complete version of classical mechanics on 7T*(Q), without
taking the detour of constructing the space @) Uy ). In that case, however, L most
likely has many more self-adjoint extensions, and one would probably encounter problems
similar to the ones that we have been trying to solve for the operator(!) H in this thesis.
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